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Abstract

Measuringhesimilarity betweer8D shapess afundamentaprob-
lem,with applicationsn computewision, molecularbiology, com-
putergraphics,anda variety of otherfields. A challengingaspect
of this problemis to find a suitableshapesignaturehatcanbecon-
structedand comparedjuickly, while still discriminatingbetween
similaranddissimilarshapes.

In this paper we proposeand analyzea methodfor computing
shapesignaturedor arbitrary (possiblydegenerate 8D polygonal
models.Thekey ideais to representhe signatureof anobjectasa
shapedistribution sampledrom ashapeunctionmeasuringglobal
geometricpropertiesof anobject. The primary motivation for this
approachss to reducethe shapematchingproblemto the compar
ison of probability distributions, which is a simplerproblemthan
thecomparisorof 3D surfacesby traditionalshapematchingmeth-
odsthatrequireposeregistration featurecorrespondencey model
fitting.

We find that the dissimilaritiesbetweensampleddistributions
of simpleshapefunctions(e.g.,the distancebetweentwo random
pointson a surface)provide a robustmethodfor discriminatingbe-
tweenclasse®f objects(e.g.,carsversusairplanes)n amoderately
sizeddatabasedlespitethe presencef arbitrarytranslationsrota-
tions, scalesmirrors, tessellationssimplifications,and modelde-
generaciesThey canbe evaluatedquickly, andthusthe proposed
methodcouldbeappliedasa pre-classifiein anobjectrecognition
systenor in aninteractve content-basecetrieval application.

1 Introduction

Determininghesimilarity betweerBD shapess afundamentalask
in shape-baseckcognition retrieval, clustering,andclassification.
Its main applicationshave traditionally beenin computervision,
mechanicakngineeringand molecularbiology. However, dueto
three recentdevelopments,we believe that 3D model databases
will becomeubiquitous,and the applicationsof 3D shapeanaly-
sis and matchingwill expandinto a wide variety of otherfields.
First, improved modelingtools and scanningdevices are making
acquisitionof 3D modelseasiermndlessexpensve, creatingalarge
supplyof publically available 3D datasets(e.g.,the ProteinData
Bank [30]). Second,the World Wide Web is enablingaccesgo
3D modelsconstructedy peopleall over the world, providing a
mechanisnfor wide-spreadlistribution of high quality 3D models
(e.g.,avalon.viavpoint.com). Finally, 3D graphicshardware and
CPUshave becoméastenoughandcheapenoughthat3D datacan
be processednddisplayedquickly on desktopcomputersleading
to ahigh demandor 3D modelsfrom a wide rangeof sources.
Unfortunately sincemost 3D file formats(VRML, 3D Studio,
etc.) have beendesignedfor visualization,they containonly ge-
ometric and appearancattributes, and usually lack semanticin-
formationthatwould facilitate automaticmatching. Althoughit is
possibleto includemeaningfulstructureandsemanticagsin some
3D file formats(the “layer” field associatedavith entitiesin Auto-

Cadmodelsis a simpleexample),the vastmajority of 3D objects
available via the World Wide Web will not have them, and there
arefew standardsegardingtheir use. In general, 3D modelswill
be acquiredwith scanningdevices,or outputfrom geometricma-
nipulationtools (file format conversionprograms),and thus they
will have only geometriandappearancemformation,usuallycom-
pletelyvoid of structureor semantiénformation. Automaticshape-
basedmnatchingalgorithmswill be usefulfor recognition retrieval,
clustering.andclassificatiorof 3D modelsin suchdatabases.

Databasesf 3D modelshave severalnew andinterestingcharac-
teristicsthat significantly affect shape-basenhatchingalgorithms.
Unlike imagesandrangescans,3D modelsdo not dependon the
configurationof cameras,light sources,or surroundingobjects
(e.g.,mirrors).As aresult,they donotcontainreflectionsshadas,
occlusionsprojectionsor partial objects which greatlysimplifies
finding matchesetweerobjectsof the sametype. For example,it
is plausibleto expectthatthe 3D modelof a horsecontainsexactly
four legs of roughly equalsize. In contrast,ary 2D imageof the
samehorsemay containfewer thanfour legs (if someof the legs
areoccludedby tall grass)or it maycontain“extralegs” appearing
astheresultof shadas on the barnand/orreflectionsin a nearby
pond, or someof the legs may appearsmallerthan othersdueto
projective distortions. Theseproblemsare vexing for traditional
computevision applicationsput generallyabsenfrom 3D model
matching.

In otherrespectsiepresentingndprocessin@D modelsis more
complicatedhanfor samplednultimediadata. The maindifficulty
is that 3D surfacesrarely have simple parameterizations.Since
3D surfacescan have arbitrary topologies,mary useful methods
for analyzingother media(e.g., Fourier analysis)have no obvi-
ous analogsfor 3D surfacemodels. Moreover, the dimensional-
ity is higher which makes searchegor poseregistration,feature
correspondencesnd model parametersnore difficult, while the
likelihoodof modeldegeneraciess higher In particular most3D
modelsin large databasesuchasthe World Wide Web, arerepre-
sentedonly by “polygon soups™- unolganizedanddegeneratesets
of polygons. They seldomhave ary topology or solid modeling
information;they rarely aremanifold; andmostarenot even self-
consistentWe conjecturethatalmostevery 3D computergraphics
modelavailable today containsmissing wrongly-oriented,inter-
secting disjoint, and/oroverlappingpolygons As a few examples,
the classicUtah teapotis missingits bottom, and the ubiquitous
StanfordBunry [38] hasseveralholesalongits base.The problem
with thesedegenerataepresentationis that mostinterestinggeo-
metric featuresand shapesignaturesre difficult to compute,and
mary othersareill-defined (e.g., whatis the volume of a teapot
with no bottom?). Meanwhile fixing the degeneraciesn such3D
modelsto form a consistensolid region andmanifold surfaceis a
difficult problem[11, 28, 42], oftenrequiringhumanintervention
to resohe ambiguities.

In this paper we describeandanalyzea methodfor computing
3D shapesignaturesinddissimilaritymeasurefor arbitraryobjects
describedby possiblydegenerate3D polygonalmodels. The key
ideais to representhesignatureof anobjectasa shapedistribution



sampledrom a shape&unctionmeasuringglobalgeometriqproper
ties of the object. The primary motivation for this approachs that
the shapematchingproblemis reducedto the comparisorof two
probabilitydistributions,whichis arelatively simpleproblemwhen
comparedo themoredifficult problemsencounteretby traditional
shapematchingmethods suchas poseregistration,parameteriza-
tion, featurecorrespondencend modelfitting. The challenge®f
this approachareto selectdiscriminatingshapefunctions,to de-
velopefficientmethodgor samplingthem,andto computethedis-
similarity of probability distributionsrobustly. This paperpresents
ourinitial stepsto addressheseissuesFor eachissue we describe
severaloptionsandpresenexperimentakvaluationof theirrelative
performanceOverall, we find thatthe proposednethodis notonly
fastandsimpleto implement,but it alsoprovidesusefuldiscrim-
ination of 3D shapesandthusis suitableas a pre-classifieffor a
recognitionor similarity retrieval system.

The remainderof the paperis organizedasfollows. The next
sectioncontainsa summaryof relatedwork. An overvien of the
propose@pproactappearsn Section3, while detaileddescriptions
of issuesaandproposedolutionsfor implementingourapproactap-
pearin Section4. Section5 presentsesultsof experimentsaimed
at evaluatingthe robustnessand discriminationof shapedistribu-
tions. Finally, Section6 containsa summaryof our experiences
andproposesopicsfor futurework.

2 Related Work

The problemof determiningthe similarity of two shapesasbeen
well-studiedin several fields. For a broadintroductionto shape
matchingmethodspleasereferto ary of several suney paperd2,
7,13, 41, 44, 56]. To briefly review, prior matchingmethodsanbe
classifiedaccordingto their representationsf shape2D contours,
3D surfaces 3D volumes structuralmodelsor statistics.

The vast majority of work in shapematchinghasfocusedon
characterizingsimilarity betweenobjectsin 2D images(e.g.,[18,
26, 34, 43]). Unfortunately most 2D methodsdo not extend di-
rectly to 3D modelmatching. The main problemis boundarypa-
rameterization Althoughthe 1D boundarycontoursof 2D shapes
have anaturalarclengthparameterizatior8D surfacesof arbitrary
genusdo not. As aresult,commonrepresentationsf 2D contours
for shapematching,suchasFourier descriptord5], turning func-
tions[6], circularautorgressie models36], bendingenegy func-
tions[59], archheightfunctions[40], andsizefunctions[55], have
no analogsfor 3D models.

Shapematchinghasalsobeenwell-studiedfor 3D objects. For
instance representationfor registeringandmatching3D surfaces
include ExtendedGaussianimages[31], SphericalAttribute Im-
ageq20, 21], HarmonicShapdmaged60], andSpinimageq35].
Unfortunately theseprevious methodsusuallyassumehata topo-
logically valid surfacemeshor an explicit volumeis availablefor
every object. In addition,volumetricdissimilarity measurebased
wavelets[27] or EarthMover's Distance[48] usuallyrely upona
priori registrationof objects’coordinatesystemsyhich is difficult
to achieve automaticallyand robustly. Geometrichashing[39] is
a potentialsolution, but it requiresa large amountof storagefor
complex models.

Another popular approachto shapeanalysisand matchingis
basedon comparinghigh-level representationsf shape. For in-
stancemodel-basedpproachesirst decomposea 3D objectinto
a setof featureq(or parts),andthencomputea dissimilarity mea-
sure betweenobjectsbasedon the differencesbetweentheir fea-
turesand/ortheir spatialrelationships Examplerepresentationsf
this type include generalizeccylinders [16], superquadric$52],
geons|[58], deformableregions [12], shock graphs[50], medial

axes[10], andskeletons[17, 23]. Thesemethodswork bestwhen
3D modelscanbe sggmentednto a canonicaketof featuresatu-
rally andcorrespondencesnbe found betweerfeaturesobustly.
Unfortunately thesetasksaredifficult andnot alwayswell-defined
for arbitrary3D polygonalmodelge.g.,whatis thecanonicakkele-
tonfor anunconnectedetof polygons?) Moreover, featuredetec-
tion andsegmentatioralgorithmstendto be sensitve to smallper
turbationsto the model, placingundueburdenon subsequenfiea-
ture correspondencand dissimilarity computationsteps. Finally,
the combinatorialcompleity of finding correspondences large
discretemodelsusually leadsto long computationtimes and/or
large storageequirements.

Finally, shapes$ave beencomparedn the basisof their statis-
tical properties. The simplestapproacthof this typeis to evaluate
distancedetweerfeaturevectors[22] in amultidimensionakpace
wherethe axesencodeglobal geometricproperties suchascircu-
larity, eccentricity or algebraicnomentg45, 53]. Othermethods
have comparedliscretehistogramsf geometricstatistics.For ex-
ample, Thacleretal [1, 4,8, 9, 24, 25, 47, 54], Huetetal. [32], and
Ikeuchietal. [33] have all representedhapesn 2D imagesby his-
togramsof anglesanddistancedbetweerpairsof 2D line sgments.
For 3D shapesAnkerstetal. [3] hasusedshapehistogramslecom-
posingshellsandsectorsarounda models centroid.Besl[14] has
consideredistogram®f the creaseanglefor all edgesn a 3D tri-
angularmesh. Besl's methodis the mostsimilar to our approach.
However, it worksonly for manifoldmeshesit is sensitveto cracks
in the modelsand small perturbationgo the vertices,andit is not
invariant underchangeso meshtessellation. Moreover, the his-
togramof creaseanglesdoesnot alwaysmatchour intuitive notion
of rigid shape For example,addingary extraarmto ahumanbody
resultsin the samechangeto a creaseanglehistogram,no matter
whetherthe nev arm extendsfrom the body’s shoulderor the top
of its head.

To our knowledge,thereis no existing methodthat canrapidly
androhustly matchlarge 3D polygonalmodelswith arbitrary de-
generacies Previous approacheave difficulty with 3D polygon
soupshecausehey invariably requirea solutionto at leastone of
the following difficult problems:reconstructionparameterization,
registration,or correspondenceThe motivation behindour work
is to develop a fast, simple, and robust methodfor matching3D
polygonalmodelswithout solvingtheseproblems.

3 Overview of Approach

Our approachs to representhe shapesignaturefor a 3D modelas
aprobabilitydistribution sampledrom a shapeunctionmeasuring
geometrigropertieof the3D model.We call thisgeneralizatiomf
geometrichistogramsa shapedistribution. For example,onesuch
shapedistribution, which we call D2, representshe distribution of
Euclideandistancesetweenpairsof randomlyselectedobointson
the surfaceof a 3D model. Sampledrom this distribution canbe
computedjuickly andeasilyfrom any 3D surfacemodel,while our
hypothesigs thatthedistribution describeshe overall shapeof the
representedbject.Oncewe have computedheshapdlistributions
for two objects thedissimilarity betweerthe objectscanbe evalu-
atedusingary metricthatmeasureslistancebetweendistributions
(e.g., L~ norm), possiblywith a normalizationstepfor matching
scales.

Thekey ideais to transformanarbitrary3D modelinto aparam-
eterizedfunction that can be comparedvith otherseasily In our
casethe domainof the shapefunction providesthe parameteriza-
tion (e.g.,the D2 shapdlistributionis a 1D functionparameterized
by distance)andrandomsamplingprovidesthe transformation.

The primary advantageof this approachs its simplicity. The



shapematchingproblemis reducedo samplingnormalizationand
comparisorof probabilitydistributions,which arerelatively simple
taskswhencomparedo prior methodsthat requirereconstructing
a solid objector manifold surfacefrom degenerate3D data,reg-
istering posetransformationsfinding featurecorrespondencesy
fitting high-level models.Our approactworksdirectly ontheorig-
inal polygonsof a 3D model,makingfew assumptionabouttheir
organizationandthusit canbeusedfor similarity queriesn awide
varietyof databasesncludingonescontainingdegenerat&8D mod-
els,suchasthosecurrentlyavailableon the World Wide Weh

In spiteof its simplicity, we expectthatour approachs ableto
discriminatewhole objectswith differentgrossshapesathereffec-
tively (resultsof experimentsgtestingthis hypothesisare presented
in Section5). In addition, it hasseveral propertiesdesirablefor
similarity matching:

e Invariance: shapedistributions have all the transformation
invariancepropertiesof the sampledshapefunction. For in-
stance,the D2 shapefunction yields invarianceunderrigid
motions(i.e., translation,rotation, and mirror imaging). In
this case,invarianceunderscalingcanbe addedby normal-
ization of shapedistributions beforecomparingthemand/or
by factoringout scaleduring the comparison. Other shape
functionsthat measureanglesor ratios betweenlengthsare
invariantto all similarity transformations.

e Robustness:asabonusrandomsamplingensureshatshape
distributionsareinsensitve to smallperturbationslintuitively,
since every point in a 3D model contritutesequally to the
shapdistribution, themagnitudeof changego the shapedis-
tribution aredirectly relatedto the magnitudeof the changes
to the 3D model. For example,if 10% of a 3D modelis per
turbed(e.g.,by addingrandomnoise by addinga smallbump
ontoasurface,or by addingsmallobjectsarbitrarily through-
out space) thena distribution of randomsamplesfrom the
model canchangeby at most10%. This propertyprovides
insensitvity to noise,blur, cracks,anddustin the input 3D
models. We conjecturethat the distributionsfor mostglobal
shapefunctionsbasedon distancesand/oranglesalso vary
continuouslyandmonotonicallyfor local shapechanges.

e Metric: thedissimilarity measurgroducedoy our approach
adoptsthe propertiesof the norm we useto compareshape
distributions. In particular if the normis a metric, sois our
dissimilarity measure This propertyholdsfor mostcommon
norms,including Ly norms,EarthMover’s Distancegtc.

e Efficiency: constructionof the shapedistributions for a
databasef 3D modelsis generallyfastandefficient. For in-
stancethe compleity of samplingthe D2 shapefunctionfor
a3D modelwith N trianglesand.S sampless Slog(N). The
resultingshapedistributions can be approximatecdtoncisely
by piecavise-linearfunctionswith constantcompleity stor
ageandcomparisorcosts.

e Generality: shapedistributionsare independenof the rep-
resentationtopology or applicationdomainof the sampled
3D models. As a result, our shapesimilarity methodcanbe
appliedequally well to databasesvith 3D modelsstoredas
polygonsoup,meshesgonstructie solid geometryvoxels,or
ary othergeometriacepresentationaslong asasuitableshape
function can be computedfrom eachrepresentation More-
over, a single databasdsuchas the World Wide Web) can
contain3D modelsin a variety of different representations
andfile formats. Finally, shapedistributions canbe usedin

mary differentapplicationdomainsfor comparisorof natu-
ral, deformableshapeqe.g., animals)and/orman-madeob-
jects(e.g.,machinedarts).

Theinterestingissuesto be addresseéh implementingthe pro-
posedshapematchingapproachare: 1) to selectdiscriminating
shapé€functions,2) to construcishapeunctionsfor each3D model
efficiently, and 3) to computea dissimilarity measurdor pairs of
distributions. We addresstheseissuesin the following sections.
The challengeis to find methodswhosecombinationproducesa
dissimilarity measurewith the desirablepropertieslisted above,
while providing enoughdiscriminatiorbetweersimilaranddissim-
ilar shapego be usefulfor a particularapplication. We propose
suchmethodsandevaluatethemexperimentallyin Section5 for a
databasef 3D polygonaimodelsdaovnloadedrom theWorld Wide
Weh

4 Method

In this section,we provide a detaileddescriptionof the methods
we useto build shapedistributionsfrom 3D polygonalmodelsand
computea measuref their dissimilarities.

4.1 Selecting a Shape Function

Thefirstandmostinterestingssueis to selectafunctionwhosedis-
tribution providesa goodsignaturefor the shapeof a 3D polygonal
model. Ideally, the distribution shouldbe invariantundersimilar-
ity transformationsindtessellationsandit shouldbeinsensitve to
noise crackstessellationandinsertion/remwal of smallpolygons.
In generalary functioncouldbe sampledo form ashapedistri-
bution, includingonesthatincorporatedomain-specifiknowvledge,
visibility information (e.qg.,the distancebetweenrandombut mu-
tually visible points),and/orsurfaceattributes(e.g., color, texture
coordinatesnormalsandcunature).However, for the sale of clar-
ity, we focuson purely geometricshapefunctionsbasedon simple
measurement®.g.,anglesdistancesareasandvolumes).Specif-
ically, we have experimentedvith thefollowing shapeunctions:

e A3: Measureghe anglebetweerthreerandompointson the
surfaceof a3D model.

e D1: Measureshedistancebetweerafixedpointandoneran-
dompointonthesurface.We usethecentroidof theboundary
of themodelasthefixedpoint.

e D2: Measureshedistancenetweertwo randompointsonthe
surface.

e D3: Measureghe areaof thetrianglebetweerthreerandom
pointson the surface,andtakesthe squareoot.

e D4: Measureghe volume of the tetrahedrorbetweenfour
randompointson the surface, andtakesthe cuberoot.

Theseshapefunctionswere chosenmostly for their simplicity
andinvariancesln particularthey areeasyto computeandproduce
distributionsthatareinvariantto rigid motions. They areinvariant
to tessellatiorof the 3D polygonalmodel,sincepointsareselected
randomlyfrom the surface. They areinsensitve to smallperturba-
tionsdueto noise cracks,andinsertion/remwal of polygonssince
samplingis areaweighted. Finally, the A3 shapefunctionis in-
variantto scale,while the othershave to be normalizedto enable
comparisons.



We expectthesegeneral-purposghapdunctionsto befairly dis-
tinguishingassignaturegor 3D shapeassignificantchangeso the
rigid structuresn the 3D modelaffect the geometricrelationships
betweenpoints on their surfaces. For instance,considerthe D2
shapéfunction,whosedistributionsareshavn for afew cannonical
shapesdn Figure 1(a-f). Notehow ead distribution is distinctive
Also, notehow continuouschangego the 3D modelaffect the D2
distributions. For instance Figure 1(g-h) shaws the distancedis-
tributionsof two unit spheresasthey move 0, 1, 2, 3, and4 units
apart,respectfully In eachdistribution, the first humpresembles
the linear distribution of a sphere while the secondhumpis the
cross-ternof distancedetweenthe two spheres.As the spheres
move fartherapart,the shapealistribution changesontinuously

a)Line sgment. b) Circle.
c) Triangle. d) Cube.
e) Cylinder(withoutcaps). f) Sphere.

g) Two adjacenunit
spheres.

h) Two unit sphereseparated
by 1,2, 3,and4 units.

Figurel: ExampleD2 shapdlistributions.

4.2 Constructing Shape Distributions

Having chosena shapefunction, the next issueis to computeand
storea representationof its distribution. Analytic calculationof
the distribution is feasibleonly for certaincombinationsof shape
functionsandmodels(e.qg.,the D2 function for a sphere).So, in
generalwe emplo/ stochastianethods. Specifically we evaluate
N samplesrom the shapedistribution and constructa histogram
by countinghov mary sampledall into eachof B fixedsizedbins.
Fromthehistogramwereconstrucapiecaviselinearfunctionwith
V (< B) equallyspacedvertices,which forms our representation
for the shapedistribution. We computethe shapedistribution once
for eachmodelandstoreit asa sequencef V integers.
Oneissuewe mustbe concernedvith is samplingdensity The
more sampleswve take, the more accuratelyand preciselywe can

reconstructhe shapedistribution. On the otherhand,the time to

samplea shapedistribution is linearly proportionalto the number
of samplesso thereis an accurag/time tradeof in the choiceof

N. Similarly, moreverticesyields higherresolutiondistributions,
while increasinghe storageandcomparisorcostsof theshapesig-

nature.ln our experimentsye have choserto err onthe sideof ro-

bustnesstakingalargenumbersof samplesor eachhistogrambin.

Empirically, we have foundthat N = 1024% samplesB = 1024

bins, and V' = 64 verticesyields shapedistributions with low

enoughvarianceand high enoughresolutionto be useful for the
databasewe've tested.

A secondssueis samplegenerationAs our shapdunctionsare
describedn termsof randompointson the surfaceof a 3D model,
weimplementedhefollowing methodo generateinbiasedandom
pointswith respecto the surfaceareaof a polygonalmodel. First,
weiteratethroughall polygons splitting theminto trianglesasnec-
essary Then,for eachtriangle,we computeits areaandstoreit in
anarrayalongwith the cumulatve areaof trianglesvisited sofar.
Next, we selecta trianglewith probability proportionalto its area
by generatinga randomnumberbetween0 andthe total cumula-
tive areaandperforminga binarysearchon thearrayof cumulatve
areas.For eachselectedrianglewith vertices(A, B, C), we con-
structa pointonits surfaceby generatingwo randomnumbersy
andr., betweerD and1, andevaluatingthe following equation:

P=(1-r)A+ri(1—r2)B+/rir2C (1)

Intuitively, /71 setsthe percentagérom vertex A to the oppos-
ing edge,while r, representshe percentagalongthis edge(see
Figure 2). Taking the square-roobf r, givesa uniform random
point (with respecto surfacearea)in thetriangle.

C

Figure2: Generatingarandompointin atriangle.

4.3 Comparing Shape Distributions

Having constructedthe shapedistributions for two 3D models,
we are left with the task of comparingthem to producea dis-
similarity measure. There are mary standardways of compar
ing two functions. Examplesinclude the Minkowski Ly norms,
Kolmogora-Smirnos distance,Kullback-Leibler divergencedis-
tanceq37], Matchdistance$49, 57], EarthMover’s distancg48],
andBhattacharyyalistancg15]. Othermethodsperhap$asedn
2D curve matching,couldalsobeused.

In our implementationwe have experimentedwith six simple
dissimilarity measuredasedon L normsof the probability den-
sity functions(pdfs)andcumulatve distributionfunctions(cdfs)for
N = 1,2, 0. In thedescriptiondelow, assumef andg represent

pdfsfor two modelswhile f andg representhecorrespondingdfs

—ie.f@)=["_ .

1Thecdf L andthecdf L normsarethe L; EarthMover’s [48] and
theKolmogora-Smirnos distancestespectiely.




e PDF Ln: Minkowski Ly normof the pdf:
D(f,9) = ([|f —gI™MY™.

e CDF Ly: Minkowski Ly normof thecdf:
D(f.9) = ([1f =a™)/™.

Sinceeachshapedistribution is representedsa piecavise lin-
earfunction,analyticcomputatiorof thesenormscanbe doneeffi-
ciently in time proportionalto the numberof verticesusedto store
thedistributions.

For certainshapdunctions we mustadda normalizatiorstepto
the comparisorprocesgo accountfor differencesn scale.Sofar,
we have investigatedhreemethoddor normalization:1) alignthe
maximumsamplevalues,2) align the meansamplevalues,and3)
searchfor the scalethatproducethe minimal dissimilaritymeasure
during eachcomparison. The first two of thesecan be evaluated
analytically andthusarevery fast. However, they maynotproduce
theminimal dissimilaritymeasureglueto mismatchingscalesThe
third methodrequiresan optimizationprocedure. Specifically if
f andg represenshapedistributionsfor two models,the minimal
dissimilaritymeasuravith normalizationis thendefinedas:

min D(f (x), sg(s1)) @

We have implementeda simple methodto performthe search
over s . First,we scaleour distributionssothatthe averagesample
in eachdistributionhasvaluel. ThenweevaluateD( f(x), sg(sz))
for valuesof log s from -10to 10, in 100equallyspacedntenals.
We returnthe minimumamongtheresultsasthe dissimilaritymea-
surefor the normalizedshapelistributions.

5 Experimental Results

The methodsdescribedn the precedingsectionshave beenimple-
mentedn C++ andincorporatednto ashapamnatchingsystenthat
runson Silicon GraphicsandPC/Wndows computers.

In orderto testthe effectivenessof this system,we executeda
seriesof shapematchingexperimentswith a databasef 3D mod-
els downloadedfrom a variety of siteson the World Wide Weh
Themodelscomprisedsetsof independenpolygonswithoutstruc-
ture,adjaceng information,or registeredcoordinatesystems.The
models containedarywhere from 20 to 186,000polygons, with
the averagemodel containingaround?7,000 polygons. Very few
of the modelsformed a single manifold surface or even a well-
definedsolidregion. Insteadthey almostall containectracks self-
intersectionsmissingpolygons,one-sidedsurfaces,and/ordouble
surfaces— noneof which causedsignificantartifactsduring ren-
deringwith a z-buffer, but all of which are problematicfor most
3D shapematchingalgorithms.The experimentsvererunona PC
with a400MHzPentiumll processoand256MB of memory

5.1 Robustness Results

In our first experiment,we testedthe robustnesof our dissimilar
ity measuréo transformationsindperturbation®f the 3D models.
Specifically we chosetenrepresentate 3D models(shavn in Fig-
ure5), andappliedsix transformationso eachof them. Theresult-
ing databasd&adsevenversionsof eachmodel(theoriginal andsix
transformedvariants),making 70 modelsin all. The transforma-
tionswereasfollows:

e Scale:Grow by afactorof 10in every dimension.

e Rotate: Rotateby 45 degreesthreetimes,first aroundthe X
axis,thenaroundtheY axis,thenaroundtheZ axis.

e Mirr or: Mirror over the YZ plane,thenover the XZ plane,
thenoverthe XY plane.

e Noise: Perturbeachvertex of every polygonrandomlyby 1%
of thelongestengthof themodelsboundingoox. As vertices
werenot sharedby adjacenpolygons this transformatiorin-
troducedahin cracks(seeFigure3(a)).

e Delete: Randomlyremove 5% of the polygons. (note the
holesin the bumperandwindshieldof thecarin Figure3(b)).

e Insert: Randomlyinsertcopiesof 5% of thepolygons.

a) 1% Noise.

b) 5% Deletion.

Figure3: A carmodelafter(a) perturbingall theverticesby 1%, or
(b) remaring 5% of the polygons.

We testedthe robustnes®f our samplingmethodby generating
the D2 shapedistribution for eachmodel. Theresultingshapedis-
tributionsfor all 70 modelsareplottedin Figure4 (scaledto align
their meanvalues).Notethatonly tendistinctcurvesareapparent
in theplot. Thisis becauseach“thick” curve appearsastheresult
of sevennearlyoverlappingshapeistributionscomputedor differ-
entvariantsof the samemodel. For instancethe curve containing
thetall spike in themiddleis dravn seventimes,oncefor eachvari-
antof the mugmodel. The resultsof this experimentdemonstrate
our samplingmethods repeatabilityandits robustnesgo similarity
transformationspoise,andsmallcracksandholes.

probability

di st ance
Figure4: D2 shapdlistributionsfor sevenvariantsof tenmodels.

Wefurtherinvestigatedherohustnes®f ourmethodby testingit
with differentpolygontessellationsf two 3D shapesWe usedthe
SimplificationEnvelopessoftwareprovidedby Cohenetal. [19] to
produceB versionsof the StanfordBunry [38] rangingfrom 70,000
down to 600triangles,and6 versionsof a sphererangingfrom 200
down to 28 triangles.Then,we constructed?2 shapedistributions
for eachof theseversions.Theresultingl4 curvesareshawvn in Fig-
ure 6. Notethatthe shapedistributionsvary slightly from original



Car Chair

Human

Missile Mug

Phone Plane

Skateboard Sub

Table

Figure5: Imagesof theten3D modelsusedin ourinitial robustnes&xperiments.

modelsto the simplified versions but not significantlywhencom-
paredto differencedetweerthe original models.This experiment
corroboratesur expectatiorthatshapedistributionsareinsensitve
to changingtessellatiorand,more specifically stableundermodel
simplification.

Bunny

probability

di st ance

Figure6: D2 shapdistributionsfor simplifiedversionsof the Stan-
ford bunry andasphere.

5.2 Discrimination Results

In our secondexperiment,we investigatedhe ability of our shape
matching methodto discriminateamong similar and dissimilar
shapesAs afirst steptowardsthis goal, we computecdbur dissimi-
larity measurdor all pairsof the 70 shapeistributionsdescribedn
the previous section.During this shapematchingtest,the distribu-
tionswerecomparedvith the pdf L; normandthey werescaledby
aligningtheirmeanvalues.Theresultingdissimilaritymeasureare
shavn asa matrix in Figure7. In this visualizationof the matrix,
the lightnessof eachelement(z, j) is proportionalto the magni-
tudeof thecomputedlissimilaritybetweermodelsi andj. Thatis,
eachrow andcolumnrepresenthedissimilaritymeasurefor asin-
gle modelwhencomparedo all othermodelsin the databaséthe
matrix is symmetric). Darker elementsrepresenbettermatches,
while lighter elementsndicateworsematchesTheorderingof the

classess alphabeticabooneshouldnot expectary particulardark-
nesgatternexcepttheclearlyvisible 7x7 blocksof matrixelements
with indistinguishableolors. This patterndemonstratetherobust-
nessof our distribution comparisormethod,asall variantsof the
samemodel producealmostthe samedissimilarity measuravhen
comparedo all variantsof every othermodel. Moreover, notethe
darkerblocksof 7x7 matrixelementslongthemaindiagonal This
patternresultsfrom thefactthatall 7 variantsof every shapematch
eachother betterthanthey matchary othershape. Accordingly
for this simpledatabasepur methodcould be usedto perfectlyas-
signall 70 modelsto oneof the 10 classesisinga nearesteighbor
classifier

Althoughtheresultsof this experimentareencouraginga more
interestingand challengingtest is to determinehow well our
methodcandiscriminateclasse®f shapesn alargerandmoredi-
versedatabas®f 3D models. To investigatethis questionwe ex-
ecuteda seriesof testson a databasef 133 modelsretrievedfrom
the World Wide Web and groupedqualitatively (by functionmore
thanby shape)into 25 classedy a third party Figure9 summa-
rizesthetypesandsizesof theseclassesFirst, notethateachclass
containsaanarbitrarynumberof objects usuallydeterminedy how
mary modelswerefoundin a quick searchof the Web (e.g., the
plane classhassignificantly more modelsthan the others). Sec-
ond, note that the similarity betweenclassesvaried greatly For
instance someclassesverevery similar to oneanother(e.g.,pens
andmissileslook alike), while somewere quite distinct from the
othersin the databasébelts). Third, notethatthe similarity of ob-
jectswithin eadh classalsovaried. Someclassegsuchasball, mug,
openbookpen,andsub)contained3D modelswith shapegreatly
resemblingeachother while others(suchasanimal,boat,car, and
plane)containednodelswith a wide variety of shapesThis diver
sity within classess shavn in Figure 8, which containspictures
of threemodelsfrom the mug, car, andboatclasses Note thatthe
mugsare visually quite similar, while the carsand boatsare sig-
nificantly different. Another class,planes,is even more diverse,
containingbiplanes fighterjets, propellerplanes,andcommercial
jets,all similarin function,but quitedifferentin shape.

To investigatethe ability of our shapematchingmethodgo dis-
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Figure 7: Similarity matrix for seven variantsof ten 3D models.
Lightnessndicatesthedissimilaritybetweermodels.

criminatebetweerctlassesf objectswerananexperimenty com-
puting the D2 shapedistributions for all 133 models. They are
shavn in Figure9 — eachplot shaws the D2 distribution for all 3D

modelsof oneclass,normalizedby their means.Examiningthese
distributions qualitatively, we find that the shapedistributionsfor

mostobjectswithin a singleclassarehighly correlatedasmultiple

cunesappearlmoston top of oneanother Moreover, mary of the
classedave a distinctive shapedistribution that could be usedfor

classification.For instance balls have a nearlylinear distribution

with a sharpfalloff on theright, mugshave onesharppeakin the
middle, beltshave a peakon the right, and lampshave two large
peakswith avalley in between.

To alimited degree,it is evenpossibleto infer thegrossshapeof
someobjectsfrom their D2 shapelistributions.For instancerefer
ring backto Figurel, ballshave a distributionresemblinga sphere,
beltsresembleacircle,mugsresemble cylinder, andlampsresem-
bletwo sphereseparateddy somedistance Althoughseveralof the
otherclasse$iave visually lessdistinctive unimodalshapedistribu-
tions, we canseethatthe “humps” in the distributionsof different
classesare usuallydistinguishablédy their locations,heights,and
shapesleadingusto believe thatshapedistributionscould be used
effectively for objectclassification.

To testthis hypothesisand to investigatewhich combinations
of shap&unctions,normalizatiormethodsandcomparisomorms
provided the bestclassificatiormethodswe ran a seriesof “leave
oneout” classificatiortests.In every test,we comparedhe shape
distribution of eachmodelin the databasgthe “query” model)
againstall others. The testwas repeated0 timesfor all combi-
nationsof the 5 shapefunctions,3 normalizationmethods,and 6
comparisomormsdescribedn Sectiord.

Tables1-3 containthreecross-sectionsf the resultsmeasured
in thesetests. In eachtable, the first columnindicatesthe shape
function, normalizationmethod,or comparisomorm used(unless
otherwisespecified the D2 shapefunction,the MEAN normaliza-

Mug 3

Antiquecar

Convertible Camaro

Galleon(with sails)

Tugboat War ship
Figure 8: Exampleclassef shapedn our databasemugs(top
row), cars(middlerow), andboats(bottomrow).

tion method andthe PDF .; normwasused).Theseconctolumn
(“First Tier”) liststhe percentagef top £ — 1 matchegexcluding
the query)from the querys class,wherek is the size of the class.
This criteriais stringeng, sinceeachmodelin the classhasonly
onechanceto bein thefirst tier. An idealmatchingwould give no
falsepositivesandreturnascoreof 100%. Thethird column(“Sec-
ond Tier”) lists the sametype of result, but for the top 2(k — 1)

matches.The fourth columnlists the percentagef testin which
the top match (“NearestNeighbor”) was from the querys class.
Finally, the right-mostcolumncontainsthe computatiortimesfor

samplingand comparisonof shapedistributions. Note that sam-
pling timesarein secondswhile comparisortimesarein millisec-
onds.

Fromtheresultsin thesetables we make thefollowing obsenra-
tions. First, the D2 shapéfunction classifiedobjectsbetterthanthe
othershapéunctionsin ourtests.Thereareseveralplausibleinter-
pretationgor why othershapeunctionsprovedlessdiscriminatory
thanD2. For one,shapefunctionssuchasD1 aredifficult to rep-
resentaccuratelyasempiricallythey containsharppeakye.g.,the
D1 distribution for a spherds a singledeltafunction). For another
we noticeda trendthat shapedistributionsfor D3 and D4 appear
similar for mary typesof models.

Secondjn our tests,the MAX scalingmethodis notasgoodas
MEAN or SEARCHasit suffersfrom the following problem.If the
idealizedshapedensityfalls off nearthe tail, thenthereis arela-
tively high variationin the maximumsamplefound (dueto anout-
lier). Scalingthe entireshapedistribution basedon thisonesample
affectsthe signaturefor the entire object. This resultis intuitive,
asthe meanis a more stablestatisticthanthe maximum. For the
othernormalizationmethodyMEAN and SEARCH the classifica-
tion resultswereapproximateljthe same . We foundthatsearching
helpsminimizethe differencebetweershapedistributions,but this
did notimprove thediscriminabilityof themethodonthisdatabase.

Third, thePDF L; normperformedhebestfor comparingshape



Shape First | Second| Nearest Sample
Function Tier Tier Neighbor || Time(s)
A3 38% 54% 55% 12.6
D1 35% 48% 56% 8.6
D2 49% 66% 66% 8.6
D3 42% 58% 58% 135
D4 32% 42% 47% 15.8

Tablel: comparisorof shapeunctions(usingMEANandPDF L1 ).

Scale First | Second| Nearest Compare

Method Tier Tier Neighbor || Time(ms)
MAX 41% 56% 63% 0.1
MEAN 49% 66% 66% 0.1
SEARCH || 49% 66% 68% 9.0

Table2: Comparisorof normalizatiormethodgusingD2 andPDF L ).

Norm First | Second| Nearest Compare
Method Tier Tier Neighbor || Time(ms)
PDFL, 49% 66% 66% 0.1
PDF Lo 47% 64% 62% 0.1

PDF L o 42% 59% 61% 0.1
CDF Ly 46% 63% 59% 0.2
CDF L3 44% 63% 59% 0.1
CDF L 43% 59% 57% 0.1

Table3: Comparisorof normmethodgusingD2 andMEAN).

distributionsin ourtest.In generalthepdfsdid betterthanthecdfs,
possiblybecausg@eaksandvalleys of pdf curvesareeasierto dis-
criminateusing Ly normsthanthe steepareasandplateausf cdf
cures. Meanwhile,the L, and L., normsperformedworsethan
the L; norms,in general For higher N, the L ;y normsbecomdess
forgiving of large differencesand thus perhapsour comparisons
becamemoresensitve to outliersor normalizatiorerrors.

Finally, we examinethe utility of our dissimilarity measureor
classifyingobjectsfrom the databasevith 133 models.In this test,
we usedthe D2 shapefunction, MEAN normalizationmethod,and
Ly norm. Figure 10 shavs the similarity matrix for this test. As
in Figure7, the lightnessof eachelement(i, j) is proportionalto
the magnitudeof the computedissimilaritybetweermodels: and
j (i.e.,darker elementgepresenbettermatches) Thus,if thesim-
ilarity metric wereideal (i.e., if it were ableto readthe mind of
the humanthat formedthe classes)the dissimilarity measures$or
modelsin the sameclasswould be less (appeardarker) than for
onesin differentclasses. Thatis, we hopeto seea sequencef
darler blocksalongthe maindiagonal with sizescorrespondingo
the numbersof modelsin eachclass,with mostly lighter colorsin
the off-diagonalmatrix elements.Of course,given the ambiguity
anddiversity of thedatabaseye believe thatit would be optimistic
to expectthisresult,evenfor a humanassigningdissimilaritymea-
sures.

Examiningthesimilarity matrixin Figure10, we seethatthedis-
similarity valuescomputedwith our methodarefairly discriminat-
ing in thistest. Therearemary darkblocksreadilyapparentalong
the main diagonalcorrespondingo groupsof objectswithin the
sameclassthat producegoodmatchege.g.,mugs,phoneschairs,
planes,spaceshipsetc.). Meanwhile,mostelementsoff-diagonal
are lighter shadesjndicating relatively few false positives. Off-
diagonalblocksof dark elementftenrepresenmatchesdetween
classeqe.g.,spaceshiersusplane). Surprisingly several of the

classeswvith very diversemodels(e.g.,carsandplanes)anbedis-
tinguishedvery clearly asdark blocksin this plot, indicatingthat
our methodis usefulfor discriminatingthemfrom othermodelsin
the databaseén spite of their diversity On the other hand, there
areotherclassesvhosemodelsdid notmatchwell in thistest(e.g.,
boats,helicoptersetc.). Someof thesefailuresaredueto thein-
herentdifficulties of shapematchingwithoutrealworld knowvledge
(e.g.,the boatswere more similar in function than shape)while
othersare probablydue to the limitations of our implementation
(e.g., Ly normsproducelarge dissimilaritiesfor lamps). Overall,
for 66%of themodels,our prototypesystemproducedatop-match
within the sameclass.We arenot avareof anothershapematching
methodthatcouldachieve this resultfor sucha difficult database.

6 Discussion and Conclusion

Themaincontritutionof thispapeiis theideaof usingrandomsam-
pling to producea continuousprobabilitydistribution to beusedas
a signaturefor 3D shape.The key featureof this approachs that
it provides a framewvork within which arbitrary and possibly de-
generate8D modelscanbetransformednto functionswith natural
parameterizationsllowing simple function comparisonrmethods
to producerobustdissimilaritymetrics.

Our initial experiencesrerify mary of the expectedfeaturesof
this approach. First, it is simple to implement- e.g., our whole
systenrequiresaround2000linesof C++ code.Secondit is fast—
e.g..thesystentakesaroundtensecondso constructashapedistri-
butionfor typical 3D modelscontaininghousandsf polygonsand
it computeghe dissimilarity measurdor ary pair of shapedistri-
butionsin lessthanamillisecond.Third, invarianceandrobustness
propertiescanbe ensuredoy choosingshapefunctionsandnorms
with the desiredproperties- e.g.,the D2 shapefunctionis invari-
antto rigid bodyandmirror transformationsandit is insensitve to
noise,blur, cracks,tessellationand dustin the input 3D models.
Normalizationof shapedistributions providesinvarianceto scale,
andusingthe L normfor comparisorof distributionsensureshat
our dissimilaritymeasurés a metric.

Our experimentalresultsdemonstratehat shapedistributions
canbefairly effective atdiscriminatingoetweergroupsof 3D mod-
els. Overall, we achiszed 66% accurag in our classificatiorexper
imentswith a diversedatabasef degenerate8D modelsassigned
to functional groups. Unfortunately it is difficult to evaluatethe
quality of this resultascomparedo othermethodsasit depends
largely onthedetailsof our testdatabaseHowever, we believe that
it demonstratethatour methodis usefulfor the discriminationof
3D shapesatleastfor preclassificatiomrior to moreexactsimilar-
ity comparisonsvith moreexpensve methods.

An importantissuefor further researchin 3D shapematching
is developmentof benchmarldatabasesontainingdegenerate8D
polygonalmodelsso that differentshapeanalysismethodscanbe
comparedOf coursetherearealsomary improvementghatcould
bemadeto ourinitial prototypesystemin futurework. Forinstance,
onecouldinvestigatamoreefficientshapalistributionsamplingand
reconstructioomethods possiblybasedon adaptve stratgjies. Or,
onecouldalsolook atcombiningthedistributionsof multiple shape
functionsinto a single classifier or combiningshapedistributions
with other attributes (e.g., surface colors) for improved discrim-
inability. We are currentlyinvestigatinguserinterfacesfor speci-
fying 3D shape-basegueriesin aninteractve retrieval system.

Anotherimportanttopic for futurework is to studythetheoreti-
cal propertiesof shapedistributions. For instancejt would be nice
to develop a theory concerningwhich shapefunctionsand norms
will be good classifiersof shape. We are investigatingprovable
propertiesfor the D2 shapefunction. Uniquenesgropertiesfor



homometricdiscrete point sets(oneswith the samedistancedis-

tribution) have beenproven by Skienaet al. [51]. They developed
upperandlower boundsonthenumberof non-congruentomomet-
ric discretepoint setsin arbitrarydimensionsPropertiehave also
beenproven for the Radontransformfor a corvex region C in the

plane[46, 29]. Thistransformmapsary orientedline to thelength
of its intersectiorwith C. It completelyspecifiegheregion C, and
it canbeinvertedfairly efficiently. The Radontransformhasfound

mary usesin X-ray tomography Proving uniquenessproperties
for othercontinuousshapefunctions,suchas D2, may have simi-

lar implicationsfor reconstructiorandmanipulationof 3D models
representedly shapalistributions.

Finally, it would be interestingto investigatewhetherthe pro-
posedshapematchingmethodis useful in other applicationdo-
mains,suchascharacterecognition sign-languageecognition,or
molecularmiology:.
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Figure9: D2 shapdlistributionsfor 133modelsgroupednto 25 classes.
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Figure10: Similarity matrix for our databasef 1333D models.



