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°(t)

°(s)

Function of time 

Function of distance 

s(t) =

Z t

0

k°0k dt



Trace 
of the curve 

f°(t) : t 2 Rg



_°(s)
Intuition: 
Why unit 
length? 



Take v(t) : R! Rn such that

kv(t)k = 1 8t. Show hv(t); v0(t)i = 0 8t.
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Piecewise smooth approximations 

F(0;0;0) = f(0)

F(0;0;1)
F(0;1;1)

F(1;1;1) = f(1)

F(t; t; t) = f(t)
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What is the arc length of a 
cubic Bézier curve? 

s =

Z t1

t0

q
°02x + °02y + °02z dt



What is the arc length of a 
cubic Bézier curve? 

s =

Z t1

t0

q
°02x + °02y + °02z dt



Sad fact: 

Closed-form  
expressions rarely exist.  

When they do exist, they 
usually are messy. 



fB¶ezier curvesg ( f° : R!R3g



fB¶ezier curvesg ( f° : R!R3g



Piecewise linear 



Boring differential structure 

·= 0

·=1



f 0(x) ¼ 1

h
(f(x+ h)¡ f(x))

THEOREM:  As 𝚫𝒉 → 𝟎, [insert statement]. 



f 0(x) ¼ 1

h
(f(x+ h)¡ f(x))

THEOREM:  As 𝚫𝒉 → 𝟎, [insert statement]. 
h 6= 0



Convergence to 
continuous theory 
 
Discrete behavior 



Examine discrete theories 
of differentiable curves. 



Examine discrete theories 
of differentiable curves. 



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf 

Normal map from curve to S1 

S1



T(s) = (cosµ(s); sinµ(s))

µ(s)
°(s) T 0(s) = µ0(s)(¡ sin µ(s); cos µ(s))

´ ·(s)N(s)



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf 



µ0(s) ´ ·(s)

+

¢µ =

Z s1

s0

·(s) ds



Z

­

·(s) ds = 2¼k

A “global” theorem! 



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf 



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf 



http://mesh.brown.edu/3DPGP-2007/pdfs/sg06-course01.pdf 
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Total change in curvature 
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Total change in curvature 
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Same integrated curvature 

µ µ

·1 ·2

·1¿ ·2



Same integrated curvature 
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Total change in curvature 
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i
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¡·N
decreases 
length the 

fastest. 



rL = 2N sin
µ

2



2 sin
µ

2
¼ 2 ¢ µ

2

= µ

Same behavior in the limit 
http://en.wikipedia.org/wiki/Taylor_series 



Does discrete curvature 
converge in limit? 



Does discrete curvature 
converge in limit? 

Questions: 
 Type of convergence? 
 Sampling? 
 Class of curves? 



Different discrete 
behavior 
 
Same convergence 



Curves in 3D 
http://www.grasshopper3d.com/forum/topics/offseting-3d-curves-component 
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Structure Determination of Membrane Proteins Using Discrete Frenet Frames 
and Solid State NMR Restraints 

Achuthan and Quine 
Discrete Mathematics and its Applications, ed. M. Sethumadhavan (2006) 

Discrete Frenet frame 

tj =
pj+1 ¡ pj
kpj+1 ¡ pjk

bj = tj¡1 £ tj
nj = bj £ tj

tk = R(bk; µk)tk¡1

bk+1 = R(tk; Ák)bk
“Bond and torsion angles” 
(derivatives converge to 𝜿 

and τ, resp.) 

Discrete frame introduced in: 
The resultant electric moment of complex molecules 

Eyring, Physical Review, 39(4):746—748, 1932. 



Structure Determination of Membrane Proteins Using Discrete Frenet Frames 
and Solid State NMR Restraints 

Achuthan and Quine 
Discrete Mathematics and its Applications, ed. M. Sethumadhavan (2006) 

NMR scanner Kinked alpha helix 



Discrete Frenet Frame, Inflection Point Solitons, and Curve Visualization 
with Applications to Folded Proteins 

Hu, Lundgren, and Niemi 
Physical Review E 83 (2011) 

0
@

ti+1
ni+1
bi+1

1
A = Ri+1;i

0
@

ti
ni
bi

1
A

Discrete construction that works for fractal curves  
and converges in continuum limit. 
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http://www.cs.columbia.edu/cg/rods/ 

Discrete Elastic Rods 
Bergou, Wardetzky, Robinson, Audoly, and Grinspun 

SIGGRAPH 2008 



http://www.cs.columbia.edu/cg/rods/ 



Normal part encodes twist 
http://www.cs.columbia.edu/cg/rods/ 

ft = °0;m1;m2g
m1

m2



Ebend(¡) =
1

2

Z

¡

®·2 ds

Punish turning the steering wheel  

·n = t0

= (t0 ¢ t)t+ (t0 ¢m1)m1 + (t0 ¢m2)m2

= (t0 ¢m1)m1 + (t0 ¢m2)m2

´ !1m1 + !2m2



Ebend(¡) =
1

2

Z

¡

®(!21 + !22) ds

Punish turning the steering wheel  

·n = t0

= (t0 ¢ t)t+ (t0 ¢m1)m1 + (t0 ¢m2)m2

= (t0 ¢m1)m1 + (t0 ¢m2)m2

´ !1m1 + !2m2



Etwist(¡) =
1

2

Z

¡

¯m2 ds

Punish non-tangent change in material frame 

m ´m0
1 ¢m2

=
d

dt
(m1 ¢m2)¡m1 ¢m0

2

= ¡m1 ¢m0
2



Etwist(¡) =
1

2

Z

¡

¯m2 ds

Punish non-tangent change in material frame 

m ´m0
1 ¢m2

=
d

dt
(m1 ¢m2)¡m1 ¢m0

2

= ¡m1 ¢m0
2 Swapping 𝒎𝟏 and 𝒎𝟐 

does not affect 𝑬𝒕𝒘𝒊𝒔𝒕! 





Most relaxed frame 
http://www.cs.columbia.edu/cg/rods/ 

t0 = ­£ t
u0 = ­£ u
v0 = ­£ v
­ ´ ·b



m1 = u cos µ + v sin µ

m2 = ¡u sin µ + v cos µ

Etwist(¡) =
1

2

Z

¡

¯(µ0)2 ds

Degrees of freedom for elastic energy: 
• Shape of curve 
• Twist angle 𝜽 



x0
x1

x2

x3

x4
e0

e1
e2 e3

Lower index: primal 

Upper index: dual 



x0
x1

x2

x3

x4
e0

e1
e2 e3

Tangent unambiguous on edge 

ti =
ei

keik



x0
x1

x2

x3

x4
e0

e1
e2 e3

Integrated curvature 

·i = 2 tan
Ái

2
Yet another curvature! 



x0
x1

x2

x3

x4
e0

e1
e2 e3

Darboux vector 

Yet another curvature! 

(·b)i =
2ei¡1 £ ei

kei¡1kkeik+ ei¡1 ¢ ei
Orthogonal to osculating plane, 

norm 𝜿𝒊 



Ebend(¡) =
®

2

X

i

µ
(·b)i

`i=2

¶2
`i

2

= ®
X

i

k(·b)ik2
`i

Convert to pointwise and integrate 



Pi(t
i¡1) = ti

Pi(t
i¡1 £ ti) = ti¡1 £ ti

 Map tangent to tangent 
 Preserve binormal 
 Orthogonal 

ui = Pi(u
i¡1)

vi = ti £ ui
http://www.cs.columbia.edu/cg/rods/ 



mi
1 = ui cos µi + vi sin µi

mi
2 = ¡ui sin µi + vi cos µi

http://www.cs.columbia.edu/cg/rods/ 



Etwist(¡) = ¯
X

i

(µi ¡ µi¡1)2

`i



Etwist(¡) = ¯
X

i

(µi ¡ µi¡1)2

`i

Note 𝜽𝟎 can be arbitrary 



\omit{physics} 



\omit{physics} 



http://www.cs.columbia.edu/cg/threads/ 



http://www.cs.columbia.edu/cg/threads/ 



One curve, 
three curvatures. 

2 tan
µ

2
µ 2 sin

µ

2



Easy theoretical object, 
hard to use. 

dT

ds
= ·N

dN

ds
= ¡·T+ ¿B

dB
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= ¡¿N



Proper coordinates and 
DOFs go a long way. 

mi
1 = ui cos µi + vi sin µi

mi
2 = ¡ui sin µi + vi cos µi



Surfaces 

http://graphics.stanford.edu/data/3Dscanrep/stanford-bunny-cebal-ssh.jpg 
http://www.stat.washington.edu/wxs/images/BUNMID.gif 
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