Chapter 2
Reflection as Convolution

In the introduction to this dissertation, we have discussed a number of problemsin com-
puter graphics and vision, where having a deeper theoretical understanding of the re-
flection operator is important. These include inverse rendering problems—determining
lighting distributions and bidirectional reflectance distribution functions (BRDFs) from
photographs—and forward rendering problems such as rendering with environment maps,
and image-based rendering.

In computer graphics, the theory for forward global illumination cal cul ations has been
fairly well developed, based on Kajiya's rendering equation [35]. However, very little
work has gone into addressing the theory of inverse problems, or on studying the theoret-
ical properties of the simpler reflection equation, which deals with the direct illumination
incident on a surface. We believe that this lack of a formal mathematical understanding
of the properties of the reflection equation is one of the reasons why complex, realistic
lighting environments and reflection functions are rarely used either in forward or inverse
rendering.

While aformal theoretical basis has hitherto been lacking, reflection is of deep interest
in both graphics and vision, and there is a significant body of qualitative and empirical
information available. For instance, in their seminal 1984 work on environment map pre-
filtering and rendering, Miller and Hoffman [59] qualitatively observed that reflection was
a convolution of the incident illumination and the reflective properties (BRDF) of the sur-
face. Subsequently, ssimilar qualitative observations have been made by Cabral et a. [7, 8],
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D’Zmura[17] and others. However, in spite of the long history of these observations, this
notion has never previously been formalized.

Another interesting observation concerns the “blurring” that occurs in the reflection
from a Lambertian (diffuse) surface. Miller and Hoffman [59] used this idea to represent
irradiance maps, proportional to the reflected light from a Lambertian surface, at low res-
olutions. However, the precise resolution necessary was never formally determined. More
recently, within the context of lighting-invariant object recognition, a number of computer
vision researchers [18, 30, 91] have observed empirically that the space of images of a dif-
fuse object under al possible lighting conditions is very low-dimensional. Intuitively, we
do not see the high frequencies of the environment in reflections from a diffuse surface.
However, the precise nature of what is happening computationally has not previously been
understood.

The goal of this chapter is to formalize these observations and present a mathemati-
cal theory of reflection for general complex lighting environments and arbitrary BRDFs.
Specifically, we describe a signal-processing framework for analyzing the reflected light
field from a homogeneous convex curved surface under distant illumination. Under these
assumptions, we are able to derive an analytic formulafor the reflected light field in terms
of the spherical harmonic coefficients of the BRDF and the lighting. The reflected light
field can therefore be thought of in a precise quantitative way as obtained by convolving
the lighting and BRDF, i.e. by filtering the incident illumination using the BRDF. Mathe-
matically, we are able to express the frequency-space coefficients of the reflected light field
as aproduct of the spherical harmonic coefficients of the illumination and the BRDF.

We believe this is a useful way of analyzing many forward and inverse problems. In
particular, forward rendering can be viewed as convolution and inverse rendering as de-
convolution. Furthermore, in the next chapter, we are able to derive analytic formulae for
the spherical harmonic coefficients of many common BRDF and lighting models. From
thisformal analysis, we are able to determine precise conditions under which estimation of
BRDFs and lighting distributions are well posed and well-conditioned. This analysis also
has implicationsfor forward rendering—especially the efficient rendering of objects under
complex lighting conditions specified by environment maps.

Thegoal of thisand the following chapter are to present aunified, detailed and complete
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description of the mathematical foundation underlying the rest of the dissertation. We will
briefly point out the practical implicationsof theresultsderived in thischapter, but will refer
the reader to later in the dissertation for implementation details. The rest of this chapter
is organized as follows. In section 1, we discuss previous work. Section 2 introduces
the reflection equation in 2D and 3D, showing how it can be viewed as a convolution.
Section 3 carries out aformal frequency-space analysis of the reflection equation, deriving
the frequency space convolution formulae. Section 4 briefly discusses general implications
for forward and inverse rendering. Finally, section 5 concludes this chapter and discusses
future theoretical work. The next chapter will derive analytic formulae for the spherical
harmonic coefficients of many common lighting and BRDF models, applying the resultsto
theoretically analyzing the well-posedness and conditioning of many problems in inverse
rendering.

2.1 PreviousWork

In this section, we briefly discuss previous work. Since the reflection operator is of fun-
damental interest in a number of fields, the relevant previous work is fairly diverse. We
start out by considering rendering with environment maps, where there is a long history
of regarding reflection as a convolution, although this idea has not previously been math-
ematically formalized. We then describe some relevant work in inverse rendering, one
of the main applications of our theory. Finally, we discuss frequency-space methods for
reflection, and previous work on aformal theoretical analysis.

Forward Rendering by Environment Mapping: The theoretical analysis in this pa-
per employs essentially the same assumptions typically made in rendering with environ-
ment maps, i.e. distant illumination—allowing the lighting to be represented by a single
environment map—incident on curved surfaces. Blinn and Newell [5] first used environ-
ment maps to efficiently find reflections of distant objects. The technique was generalized
by Miller and Hoffman [59] and Greene [22] who precomputed diffuse and specular re-
flection maps, allowing for images with complex realistic lighting and a combination of
Lambertian and Phong BRDFs to be synthesized. Cabral et a. [7] later extended this
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general method to computing reflections from bump-mapped surfaces, and to computing
environment-mapped images with arbitrary BRDFs [8]. It should be noted that both Miller
and Hoffman [59], and Cabral et a. [7, 8] qualitatively described the reflection maps as
obtained by convolving the lighting with the BRDF. In this paper, we will formalize these
ideas, making the notion of convolution precise, and derive analytic formulae.

Inverse Rendering:  We now turn our attention to the inverse problem—estimating
BRDF and lighting properties from photographs. Inverse rendering is one of the main
practical applications of, and original motivation for, our theoretical analysis. Besides be-
ing of fundamental interest in computer vision, inverse rendering isimportant in computer
graphics since the realism of images is nowadays often limited by the quality of input mod-
els. Inverse rendering yields the promise of providing very accurate input models since
these come from measurements of real photographs.

Perhaps the simplest inverse rendering method is the use of a mirror sphere to find the
lighting, first introduced by Miller and Hoffman [59]. A more sophisticated inverselighting
approach is that of Marschner and Greenberg [54], who try to find the lighting under the
assumption of aLambertian BRDF. D’ Zmura[17] proposes estimating spherical harmonic
coefficients of the lighting.

Most work ininverserendering has focused on BRDF [62] estimation. Recently, image-
based BRDF measurement methods have been proposed in 2D by Lu et a. [51] and in
3D by Marschner et al. [55]. If the entire BRDF is measured, it may be represented by
tabulating its values. An alternative representation is by low-parameter models such as
those of Ward [85] or Torrance and Sparrow [84]. Parametric models are often preferred
in practice since they are compact, and are simpler to estimate. A number of methods [14,
15, 77, 89] have been proposed to estimate parametric BRDF models, often along with a
modulating texture.

However, it should be noted that all of the methods described above use a single point
source. One of the main goals of the theoretical analysisin this paper is to enable the use
of inverse rendering with complex lighting. Recently, there has been some work in this
area [16, 50, 64, 75, 76, 90], athough many of those methods are specific to a particular
illumination model. Using the theoretical analysis described in this paper, we [73] have
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presented a general method for complex illumination, that handles the various components
of the lighting and BRDF in a principled manner to allow for BRDF estimation under
genera lighting conditions. Furthermore, we will show that it is possible in theory to
separately estimate the lighting and BRDF, up to a global scale factor. We have been
able to use these ideas to develop a practical method [73] of factoring the light field to
simultaneously determine the lighting and BRDF for geometrically complex objects.

Frequency-Space Representations:  Since we are going to treat reflection as a convolu-
tion and analyze it in frequency-space, we will briefly discuss previous work on frequency-
space representations. Since we will be primarily concerned with analyzing quantities like
the BRDF and distant lighting which can be parameterized as a function on the unit sphere,
the appropriate frequency-space representations are spherical harmonics [32, 34, 52]. The
use of spherical harmonics to represent the illumination and BRDF was pioneered by
Cabral etad. [7]. D’Zmura[17] analyzed reflection as alinear operator in terms of spherical
harmonics, and discussed some resulting ambiguities between reflectance and illumination.
We extend hiswork by explicitly deriving the frequency-space reflection equation (i.e. con-
volution formula) in this chapter, and by providing quantitative results for various specia

cases in the next chapter. Our use of spherical harmonicsto represent the lightingissimilar
in some respects to previous methods such as that of Nimeroff et al. [63] that use steerable
linear basis functions. Spherical harmonics, as well as the closely related Zernike poly-
nomials, have also been used before in computer graphics for representing BRDFs by a
number of other authors[43, 79, 86].

Formal Analysis of Reflection: This paper conducts a formal study of the reflection
operator by showing mathematically that it can be described as a convolution, deriving an
analytic formula for the resulting convolution equation, and using this result to study the
well-posedness and conditioning of several inverse problems. As such, our approach is
similar in spirit to mathematical methods used to study inverse problems in other areas of
radiative transfer and transport theory such as hydrol ogic optics[67] and neutron scattering.
See McCormick [58] for areview.

Within computer graphics and vision, the closest previous theoretical work lies in the
object recognition community, where there has been a significant amount of interest in
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characterizing the appearance of a surface under all possible illumination conditions, usu-
aly under the assumption of Lambertian reflection. For instance, Belhumeur and Krieg-
man [4] have theoretically described this set of images in terms of an illumination cone,
while empirical results have been obtained by Hallinan [30] and Epstein et al. [18]. These
results suggest that the space spanned by images of a Lambertian object under all (dis-
tant) illumination conditions lies very close to a low-dimensional subspace. We will see
that our theoretical analysis will help in explaining these observations, and in extending
the predictions to arbitrary reflectance models. In independent work on face recognition,
simultaneous with our own, Basri and Jacobs [2] have described Lambertian reflection asa
convolution and obtained similar analytic results for that particular case.

This chapter builds on previous theoretical work by us on analyzing planar or flatland
light fields [70], on the reflected light field from a Lambertian surface [72], and on the
theory for the general 3D case with isotropic BRDFs [73]. The goal of this chapter isto
present a unified, complete and detailed account of the theory in the general case. We
describe a unified view of the 2D and 3D cases, including general anisotropic BRDFs, a
group-theoretic interpretation in terms of generalized convolutions, and the relationship to
the theory of Fredholm integral equations of the first kind, which have not been discussed
inour earlier papers.

2.2 Réflection Equation

In this section, we introduce the mathematical and physical preliminaries, and derive a
version of the reflection equation. In order to derive our analytic formulae, we must analyze
the properties of the reflected light field. The light field [20] is a fundamental quantity in
light transport and therefore has wide applicability for both forward and inverse problemsin
anumber of fields. A good introduction to the various radiometric quantities derived from
light fields is provided by McCluney [56], while Cohen and Wallace [12] introduce many
of the terms discussed here with motivation from a graphics perspective. Light fields have
been used directly for rendering images from photographs in computer graphics, without
considering the underlying geometry [21, 48], or by parameterizing the light field on the
object surface [88].
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After a discussion of the physical assumptions made, we first introduce the reflection
equation for the simpler flatland or 2D case, and then generalize the results to 3D. In the
next section, we will analyze the reflection equation in frequency-space.

2.2.1 Assumptions

We will assume curved convex homogeneous reflectors in a distant illumination field. Be-
low, we detail each of the assumptions.

Curved Surfaces. Wewill be concerned with the reflection of adistant illumination field
by curved surfaces. Specifically, we areinterested in the variation of the reflected light field
as afunction of surface orientation and exitant direction. Our goal isto analyze thisvaria-
tionintermsof theincident illumination and the surface BRDF. Our theory will be based on
the fact that different orientations of a curved surface correspond to different orientations
of the upper hemisphere and BRDF. Equivalently, each orientation of the surface corre-
spondsto a different integral over the lighting, and the reflected light field will therefore be
afunction of surface orientation.

Convex Objects. The assumption of convexity ensures there is no shadowing or inter-
reflection. Therefore, the incident illumination is only because of the distant illumination
field. Convexity also allows us to parameterize the object smply by the surface orienta-
tion. For isotropic surfaces, the surface orientation is specified uniquely by the normal
vector. For anisotropic surfaces, we must also specify the direction of anisotropy, i.e. the
orientation of the local tangent frame.

It should be noted that our theory can also be applied to concave objects, smply by
using the surface normal (and the local tangent frame for anisotropic surfaces). However,
the effects of self-shadowing (cast shadows) and interreflections will not be considered.

Homogeneous Surfaces. We assume untextured surfaces with the same BRDF every-
where.
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Distant [llumination: Theillumination field will be assumed to be generated by distant
sources, allowing usto use the same lighting function anywhere on the object surface. The
lighting can therefore be represented by a single environment map indexed by the incident
angle.

Discussion: We note that for the most part, our assumptions are very similar to those
made in most interactive graphics applications, including environment map rendering al-
gorithms such as those of Miller and Hoffman [59] and Cabral et al. [8]. Our assumptions
also accord closely with those usually made in computer vision and inverse rendering. The
only significant additional assumption is that of homogeneous surfaces. However, thisis
not particularly restrictive since spatialy varying BRDFs are often approximated in prac-
tical graphics or vision applications by using a spatially varying texture that ssmply mod-
ulates one or more components of the BRDF. This can be incorporated into the ensuing
theoretical analysis by merely multiplying the reflected light field by a texture dependent
on surface position. We believe that our assumptions are a good approximation to many
real-world situations, while being simple enough to treat analytically. Furthermore, it is
likely that the insights obtained from the analysis in this paper will be applicable even in
cases Where the assumptions are not exactly satisfied. We will demonstrate in chapter 6 that
in practical applications, it is possible to extend methods derived from these assumptions
to be applicable in an even more general context.

We now proceed to derive the reflection equation for the 2D and 3D case under the
assumptions outlined above. Notation used in chapter 2, and reused throughout the dis-
sertation, is listed in table 1.1. We will use two types of coordinates. Unprimed global
coordinates denote angles with respect to a global reference frame. On the other hand,
primed local coordinates denote angles with respect to the local reference frame, defined
by the local surface normal and atangent vector. These two coordinate systems are related
simply by arotation.
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B(6o)

Figure 2.1: Schematic of reflection in 2D. On the Ieft, we show the situation with respect to one
point on the surface (the north pole or (* location, where global and local coordinates are the
same). The right figure shows the affect of the surface orientation «. Different orientations of
the surface correspond to rotations of the upper hemisphere and BRDF, with the global incident
direction ¢; corresponding to a rotation by « of the local incident direction §. Note that we also
keep the local outgoing angle (between N and B) fixed between the two figures

2.2.2 Flatland 2D case

In this subsection, we consider the flatland or 2D case, assuming that all measurements and
illumination are restricted to a single plane. Considering the 2D case allows us to explain
the key concepts clearly, and show how they generalize to 3D. A diagram illustrating the
key concepts for the planar caseisinfigure 2.1.

In local coordinates, we can write the reflection equation as

- /2 -
BX.0) = [ L(X.0)0(0}.0,) cost] ), (21)
—/2
Here, B is the reflected radiance, L is the incident radiance, i.e illumination, and p is
the BRDF or bi-directional reflectance distribution function of the surface, which in 2D
is a function of the local incident and outgoing angles (., 6’). The limits of integration

correspond to the visible half-circle—the 2D analogue of the upper hemispherein 3D.

We now make a number of substitutions in equation 2.1, based on our assumptions.
First, consider the assumption of a convex surface. This ensures there is no shadowing or
interreflection; thisfact hasimplicitly been assumed in equation 2.1. Thereflected radiance
therefore depends only on the distant illumination field L and the surface BRDF p. Next,
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consider the assumption of distant illumination. Thisimplies that the reflected light field
depends directly only on the surface orientation, as described by the surface normal N,
and does not directly depend on the position X. We may therefore reparameterize the
surface by its angular coordinates a,, with N = [sin o, cos o], i.e. B(X,0.) — B(a,0")
and (X, 6}) — L(c, #}). Theassumption of distant sources also allows us to represent the
incident illumination by a single environment map for all surface positions, i.e. useasingle
function L regardless of surface position. In other words, the lighting is a function only
of the global incident angle, L(«, 6;) — L(6;). Finally, we define a transfer function p =
p cos ¢ to absorb the cosine term in the integrand. With these modifications, equation 2.1

becomes

/2
Bla,0) = [ L(6:)(6),6,) db, (22)
/2

It is important to note that in equation 2.2, we have mixed local (primed) and global
(unprimed) coordinates. The lighting is a global function, and is naturally expressed in a
global coordinate frame as afunction of global angles. On the other hand, the BRDF is nat-
urally expressed as a function of the local incident and reflected angles. When expressed in
the local coordinate frame, the BRDF is the same everywhere for a homogeneous surface.
Similarly, when expressed in the global coordinate frame, the lighting is the same every-
where, under the assumption of distant illumination. Integration can be conveniently done
over either local or global coordinates, but the upper hemisphere is easier to keep track of

inlocal coordinates.

Rotations—Converting between Local and Global coordinates. To do the integral in
equation 2.2, we must relate local and global coordinates. One can convert between these
by applying a rotation corresponding to the local surface normal «.. The up-vector in local
coordinates, i.e (' is the surface normal. The corresponding global coordinates are clearly
a. We define R, as an operator that rotates ¢, into global coordinates, and is givenin 2D
smply by R.(0)) = « + .. To convert from global to local coordinates, we apply the
inverserotation, i.e. R_,. To summarize,

0, =Ru(0) =a+0
(9; = R;l(@) = —a+ (91 (23)
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It should be noted that the signs of the various quantities are taken into account in equa-
tion 2.3. Specifically, from theright of figure 2.1, itisclear that | ¢, |=| 6; | + | a |. In
our sign convention, « is positive in figure 2.1, while ¢; and 6; are negative. Substituting
| 0 |= -0} and | 0; |= —0;, we verify equation 2.3.

With the help of equation 2.3, we can express the incident angle dependence of equa-
tion 2.2 in either local coordinates entirely, or global coordinates entirely. It should be
noted that we always leave the outgoing angular dependence of the reflected light field in
local coordinates in order to match the BRDF transfer function.

/ 71'/2 / A / / /
Blot)) = [ L(Ra(6)7(6;.65) db; (24
/24
= [ L5 (R.(0:).6,) b (25
—7 /24«

By plugging in the appropriate relations for the rotation operator from equation 2.3, we can
obtain

/2
Blot) = [ Lla+6)p(6;.6) db, (26)
/24
_ // L(0)p(—a+6,0.) db,. 2.7)
—7 /24«

I nterpretation asConvolution: Equations2.6 and 2.7 (and the equivalent formsin equa-
tions 2.4 and 2.5) are convolutions. The reflected light field can therefore be described
formally as a convolution of the incident illumination and the BRDF transfer function.
Equation 2.5 in global coordinates states that the reflected light field at a given surface
orientation corresponds to rotating the BRDF to that orientation, and then integrating over
the upper haf-circle. In signal processing terms, the BRDF can be thought of as the filter,
while the lighting is the input signal. The reflected light field is obtained by filtering the
input signal (i.e. lighting) using the filter derived from the BRDF. Symmetrically, equa-
tion 2.4 inlocal coordinates states that the reflected light field at a given surface orientation
may be computed by rotating the lighting into the local coordinate system of the BRDF,
and then doing the integration over the upper half-circle.
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It is important to note that we are fundamentally dealing with rotations, as is brought
out by equations 2.4 and 2.5. For the 2D case, rotations are equivalent to translations, and
equations 2.6 and 2.7 are the familiar equations for translational convolution. The main
difficulty in formally generalizing the convolution interpretation to 3D is that the structure
of rotationsis more complex. Infact, wewill need to consider ageneralization of the notion
of convolution in order to encompass rotational convolutions.

2.2.3 Generalization to 3D

The flatland development can be extended to 3D. In 3D, we can write the reflection equa-
tion, analogous to equation 2.1, as

B(X.0,,6,) = [ L(X,0,6)p(0},6/, 0}, 0} cos ] . (28)
Note that the integral is now over the 3D upper hemisphere, instead of the 2D half-circle.
Also note that we must now also consider the (local) azimuthal angles ¢, and ¢..

We can make the same substitutions that we did in 2D. We reparameterize the surface
position X by its angular coordinates (v, 5, 7). Here, the surface normal N is given by
the standard formula N = [sin av cos (3, sin asin 3, cos ). The third angular parameter
is important for anisotropic surfaces and controls the rotation of the local tangent-frame
about the surface normal. For isotropic surfaces, v has no physical significance. Figure 2.2
illustrates the rotations corresponding to («, 5,v). We may think of them as essentially
corresponding to the standard Euler-angle rotations about 7, Y and Z by angles o, and
~. Asin 2D, we may now make the substitutions, B(X’, 0,¢.) — B(a,,7,0.,¢.) and
L(X,0,,4)) — L(6;,¢;), and define a transfer function to absorb the cosine term, p =
p cos 6. We now obtain the 3D equivalent of equation 2.2,

Blow 3,79, 04, ) = [ L0 0p(0: 61,03 61) 29)
Rotations—Converting between Local and Global coordinates: To do the integral
above, we need to apply a rotation to convert between local and global coordinates, just
asin 2D. The rotation operator is substantially more complicated in 3D, but the operations
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§
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Figure 2.2: Diagram showing how the rotation corresponding to («, 3,~) transforms between lo-
cal (primed) and global (unprimed) coordinates. The net rotation is composed of three independent
rotations about Z,Y,and Z, with the angles «, (3, and ~ corresponding directly to the Euler angles.

are conceptually very similar to those in flatland. The north pole (0', 0") or +Z axisin local
coordinates is the surface normal, and the corresponding global coordinates are («, 3). It
can be verified that arotation of the form R,(3) R, («) correctly performsthis transforma-
tion, where the subscript z denotes rotation about the 7 axis and the subscript y denotes
rotation about the Y axis. For full generality, the rotation between local and global coor-
dinates should also specify the transformation of the local tangent frame, so the general
rotation operator is given by R, s, = R.(8)R,(ca)R.(y). Thisis essentially the Euler-
angle representation of rotations in 3D. We may now summarize these results, obtaining
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the 3D equivalent of equation 2.3,

(827 ¢2) = Raﬁw(eéa 925;) - Rz(ﬁ)Ry(a)Rz(ry) {8;7 ¢;}
(8;7 925;) - Raﬁfy(e 9252) = Rz(_rY)Ry(_a)Rz(_ﬁ) {‘917 9252} . (210)

It is now straightforward to substitute these resultsinto equation 2.9, transforming the inte-
gral either entirely into local coordinates or entirely into global coordinates, and obtaining
the 3D analogue of equations 2.4 and 2.5,

B 5.7, 0,,6,) = [ L(Rags (01 60) 50,0000, dof (21D)

A

- /Q L(6i7¢i)ﬁ< a}?'y( 925) 705 ) dw. (2.12)

As we have written them, these equations depend on spherical coordinates. It might
clarify matters somewhat to also present an aternate form in terms of rotations and unit
vectorsin a coordinate-independent way. We simply use R for the rotation, which could be
written asa3 x 3 rotation matrix, whilew; and w,, stand for unit vectors corresponding to the
incident and outgoing directions (with primes added for local coordinates). Equations 2.11
and 2.12 may then be written as

X o

B(R,w) = / L (Ruw) pluy o) du (2.13)

= /QZ L(w;)p (R_lwi,w;) dw;, (2.14)

where Rw! and R~'w; are simply matrix-vector multiplications.

I nterpretation asConvolution: Inthe spatial domain, convolutionisthe result generated
when afilter is trandated over an input signal. However, we can generalize the notion of
convolution to other transformations 7,,, where T, is afunction of a, and write

(f@9)( / f(T. (2.15)
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When T, is atrandation by a, we obtain the standard expression for spatial convolution.
When T, isarotation by the angle a, the above formula defines convolution in the angular
domain.

Therefore, equations2.11 and 2.12 (or 2.13 and 2.14) represent rotational convolutions.
Equation 2.12 in global coordinates states that the reflected light field at a given surface
orientation corresponds to rotating the BRDF to that orientation, and then integrating over
the upper hemisphere. The BRDF can be thought of as the filter, while the lighting is the
input signal. Symmetrically, equation 2.11 in local coordinates states that the reflected
light field at a given surface orientation may be computed by rotating the lighting into the
local coordinate system of the BRDF, and then doing the hemispherical integration. These
observations are similar to those we made earlier for the 2D case.

Group-theoretic Interpretation as Generalized Convolution: In fact, it is possible to
formally generalize the notion of convolution to groups. Within this context, the standard
Fourier convolution formula can be seen as a special case for SO(2), the group of rotations
in 2D. More information may be found in books on group representation theory, such as
Fulton and Harris [19] (especially note exercise 3.32). One reference that focuses specif-
icaly on the rotation group is Chirikjian and Kyatkin [10]. In the general case, we may
modify equation 2.15 slightly to write for compact groups,

(Fo9)(s) = [ flsotyg(t)dt, (2.16)

where s and ¢ are elements of the group, the integration is over a suitable group measure,
and o denotes group multiplication.

It is also possible to generalize the Fourier convolution formula in terms of represen-
tation matrices of the group in question. In our case, the relations do not exactly satisfy
equation 2.16, since we have both rotations (in the rotation group SO(3)) and unit vectors.
Therefore, for frequency space analysisinthe 3D case, wewill need both the representation
matrices of SO(3), and the associated basis functions for unit vectors on a sphere, which
are the spherical harmonics.
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2.3 Fregquency-Space Analysis

Since the reflection equation can be viewed as a convolution, it is natural to analyze it in
frequency-space. We will first consider the 2D reflection equation, which can be analyzed
intermsof the familiar Fourier basisfunctions. We then show how thisanalysis generalizes
to 3D, using the spherical harmonics. Finally, we discuss a number of alternative forms of
the reflection equation, and associated convolution formulas, that may be better suited for
specific problems.

2.3.1 Fourier Analysisin 2D

We now carry out a Fourier analysis of the 2D reflection equation. We will define the
Fourier series of afunction f by

Fk(e) = \/%em
f(o) = i frFr(0)
fo = /_7; F(6)F(6)d6. (2.17)

In the last line, the x in the superscript stands for the complex conjugate. For the Fourier
basis functions, F} = F_;, = (1/v/27) exp(—1k#). 1t should be noted that the relationsin
equation 2.17 are similar for any orthonormal basis functions £, and we will later be able
to use much of the same machinery to define spherical harmonic expansionsin 3D.

Decomposition into Fourier Series. We now consider the reflection equation, in the
form of equation 2.6. We will expand all quantitiesin terms of Fourier series.

We start by forming the Fourier expansion of the lighting, L, in global coordinates,

L) = S LiF(6). (2.18)

l=—00
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To obtain the lighting in local coordinates, we may rotate the above expression,

LO)=La+8) = 3 LiE(a+0)

l=—o0

= Var S LiE()R(). (2.19)
l=—
The last line follows from the form of the complex exponentials, or in other words, we
have Fy(a + 6)) = (1/v/2m) exp (Il(a + 6})). This result shows that the effect of rotating
the lighting to align it with the local coordinate system is simply to multiply the Fourier
frequency coefficients by exp(/la).
Since no rotation is applied to B and p, their decomposition into a Fourier series is
simple,

B(e,0,) = > > BypFi(a)F,(0,)
|=—00 p=—00

pOLO) = D D pwFT(0)F ().

l=—00 p=—00

(2.20)

Note that the domain of the basis functions here is [—, 7], SO we develop the series for
by assuming function values to be 0 outside the range for ¢; and ¢, of [—7, 7]. Also, inthe
expansion for p, the complex conjugate used in the first factor isto somewhat simplify the

final result.

Fourier-Space Reflection Equation: We are now ready to write equation 2.6 in terms
of Fourier coefficients. For the purposes of summation, we want to avoid confusion of
the indices for L and p. For this purpose, we will use the indices L; and py,. We now
simply multiply out the expansions for L and p. After taking the summations, and terms
not depending on 6. outside the integral, equation 2.6 now becomes

Bla,t) =var 3 S > LipwFi(@)F(0) / ’;me;)ﬂ(e;)de;. (2.21)

l=—o0 l/!=—00 p=—00
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Note that the limits of the integral are now [—m, 7] and not -7, 7]. Thisis because we
have already incorporated the fact that the BRDF is nonzero only over the upper half-circle
into its Fourier coefficients. Further note that by orthonormality of the Fourier basis, the

value of the integrand can be given as
/_ " B (8)F(6)) db, = dur. (2.22)

In other words, we can set I’ = [ since terms not satisfying this condition vanish. Making
this substitution in equation 2.21, we obtain

Blo,0)) =v2r > > LippE(a)F,(0,). (2.23)
l=—00 p=—00
Now, it is a simple matter to equate coefficients in the Fourier expansion of B in order to
derive the Fourier-space reflection equation,

Blp =V 27TLZﬁlp~ (224)

This result reiterates once more that the reflection equation can be viewed as a convol ution
of the incident illumination and BRDF, and becomes a simple product in Fourier space,
with an analytic formula being given by equation 2.24.

An aternative form of equation 2.24 that may be more instructive results from holding
the local outgoing angle fixed, instead of expanding it also in terms of Fourier coefficients,
i.e. replacing the index p by the outgoing angle ¢/,

Bi(0)) = VErLipi(0)). (2.25)

Note that a single value of ¢/ in B(«, ¢/)) correspondsto a slice of the reflected light field,
which is not the same as a single image from a fixed viewpoint—a single image would
instead correspond to fixing the global outgoing angled,.

In summary, we have shown that the reflection equation in 2D reduces to the standard
convolution formula. Next, we will generalize these resultsto 3D using spherical harmonic
basis functionsinstead of the complex exponentials.
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2.3.2 Spherical Harmonic Analysisin 3D

To extend our frequency-space analysis to 3D, we must consider the structure of rotations
and vectors in 3D. In particular, the unit vectors corresponding to incident and reflected
directions lie on a sphere of unit magnitude. The appropriate signal-processing tools for
the sphere are spherical-harmonics, which are the equivalent for that domain to the Fourier
seriesin 2D (on acircle). These basis functions arise in connection with many physical
systems such as those found in quantum mechanics and electrodynamics. A summary of
the properties of spherical harmonics can therefore be found in many standard physics
textbooks[32, 34, 52].

Although not required for understanding the ensuing derivations, we should point out
that our frequency-space analysis is closely related mathematically to the representation
theory of the three-dimensional rotation group, SO(3). At the end of the previous section,
we already briefly touched on the group-theoretic interpretation of generalized convolution.
In the next subsection, we will return to this idea, trying to formally describe the 2D and
3D derivations as special cases of a generalized group-theoretic convolution formula.

Key Properties of Spherical Harmonics: Spherical harmonics are the analogue on the
sphere to the Fourier basis on the line or circle. The spherical harmonic Y}, is given by

_ |
N J2l+1(l m)!

4 (I+m)!
Yim(0,0) = NpypPim(cos)e™?, (2.26)

where N, is a normalization factor. In the above equation, the azimuthal dependence is
expanded in terms of Fourier basis functions. The 6 dependence is expanded in terms of
the associated Legendre functions P,,,. Theindicesobey [ > 0 and —I < m < [. Thus,
there are 2] + 1 basis functions for given order [. Figure 2.3 shows the first 3 orders of
spherical harmonics, i.e. the first 9 basis functions corresponding to ! = 0,1,2. They
may be written either as trigonometric functions of the spherical coordinates # and ¢ or as
polynomials of the cartesian components z, y and z, with 22 + y? + 22 = 1. Ingenerdl, a
spherical harmonic Y}, is a polynomial of maximum degree [. Another useful relation is
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that Y;_,, = (—1)™Y* . Thefirst 3 orders (we give only terms with m > 0) are given by
the following expressions,

/1

Yoo = —
00 47
3

T

Yio = cosf = iz
4
Y = —\/—sin(%mS = —\/8—(13—1—]1;)
(2.27)
1 /5 1 /5
Yoo = —4/— —1 = y/— (321
% 5 47r 3cos 0 5\ 1 (32 )
1 1
Yy = —\/—551119(:0896”’ = —\/—52(56-1-]:(/)
8w
1 /15
Yoo = ,/ 29e2lo = Sy = (z+1Iy).
29 5 87Tsm e 5 87T(x+ Y)

The spherical harmonics form an orthonormal basis in terms of which functions on the
sphere can be expanded,

F0.6) = 33 funYim(0

=0 m=—1

fim = /¢ /6 0 8, 6) sin 0 dbdo. (2.28)

Note the close parallel with equation 2.17.

The rotation formulafor spherical harmonicsis

Vi (R (6.8) = 3 Dhyolt, 62 Vi 6,6, (2.29)

m/=—1
Theimportant thing to note hereisthat the m indices are mixed—a spherical harmonic after
rotation must be expressed as a combination of other spherical harmonicswith different m
indices. However, the [ indices are not mixed; rotations of spherical harmonics with order
| are composed entirely of other spherical harmonics with order {. For given order I, I}
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0 " Y, (0,
r (0, 0)

-2 -1 0 1 s

Figure 2.3: Thefirst 3 orders of real spherical harmonics (I = 0, 1, 2) corresponding to a total of 9
basis functions. The spherical harmonics Y;,,, may be written either as trigonometric functions of
the spherical coordinates # and ¢ or as polynomials of the cartesian components z, y and z, with
22 + 32 + 22 = 1. In general, a spherical harmonic Y;,, is a polynomial of maximum degree I.

In these images, we show only the front the sphere, with green denoting positive values and blue
denoting negative values. Also note that these images show the real form of the spherical harmonics.
The complex forms are given in equation 2.27.

is a matrix that tells us how a spherical harmonic transforms under rotation, i.e. how to
rewrite a rotated spherical harmonic as a linear combination of all the spherical harmonics
of the same order. In terms of group theory, the matrix D' is the (2{ + 1)-dimensional
representation of the rotation group SO(3). The matrices D' therefore satisfy the formula,

27 T
D (@:5.7) = [ [ Vin(Ro31(6, 0))Yisu(0, 6) sin 0.0 do. (2:30)

An analytic form for the matrices D' can be found in standard references, such as Inui et
a.[32]. Inparticular, since R, 5, = R.(3)R,(a)R.(v), the dependence of D' on 3 and v
issimple, since rotation of the spherical harmonics about the z—axis is straightforward,

Dfnm, (o, B,7) = d (a)elmﬁelmw, (2.31)

mm/

where d' isamatrix that defines how a spherical harmonic transforms under rotation about
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the y—axis. For the purposes of the exposition, we will not generally need to be concerned
with the precise formulafor the matrix d', and numerical calculations can compute it using
asimplified version of equation 2.30 without the z rotations (i.e. 5 = v = 0),

/ / )(6, )Y, (6, ) sin 6 6 do. (2.32)
¢»=0 J6=0

For compl eteness, we give below the relatively complicated analytic formula, asderived in
equation 7.48 of Inui et a. [32],

.Qg
& sin >

/ m—m’ [+m)!
N(,m,m) = (-1) \/(l—m)!(§+m’§!(l—m')!

(@) = N(l,m,m') x &~ m=m)/2(1 — g)=lmtm7)/2 (i

l—m
1—m/ I+m’
E) o era-or e

aswell asanalytic formulaefor thethefirst three representations(i.e. &, , withl = 0, 1, 2),

() = 1
« sin o
cos? — —  sin?—
2 V2 2
() sin o sin «
o) = — cos o
V2 ) 2
5 sin o 5 @
sin® —  — cos® —
2 2
cost & 2 cos‘ Ssin & fsm « 2cos £ sind & sin? &
2 2 2 2 2 2
_ 3 o a a 02 o 3 a
2cos” § sin § cos? (= 1+2cosa) 2COSOLSIIIOL (1+2cos)sin® § 200525n 3
d?(a) = ; g sin? —fcosasma (3 cos?a —1) \/gcosasina 5 \/_sm o
—2cosfsm3% (1+2cosa)sm2‘; —\/_(msasma cos? §(— 1+2cosa) 2cos? & sin §
4o _ a 3 a _ a a 4 a
sin® 3 2cos § sin® 5 3 \/_sm a 2 cos® 5 sin 3 cos® 3

(2.34)
To derive some of the quantitative results in section 2.4 and the next chapter, we will re-
quire two important properties of the representation matrices D', which are derived in ap-
pendix A,

D(l)m’ (Oé, 67 O) = d%)m’ (a) = Yl;’(a> 7T)

Dvlno(a>ﬂa7): dfno(a)elmﬂ =

Yim(a, 3). (2.35)
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Decomposition into Spherical Harmonics. Asfor the 2D case, we will now expand all
the quantitiesin terms of basisfunctions. We first expand the lighting in global coordinates,

o0

l
L0, 0) = > LimYim(6i, 64). (2.36)

=0 m=—1

To obtain the lighting in local coordinates, we must rotate the above expression, just aswe
didin 2D. Using equation 2.29, we get,

[e%) +1
L(0:, 1) = L (Rap(0;,67) = > > Zimnmm By Y (0], 00, (2.37)
=0 m=—Ilm'=—1

We now represent the transfer function p = pcos#. in terms of spherical harmonics.
Asin 2D, we note that p is nonzero only over the upper hemisphere, i.e. when cos ¢, > 0
and cos 0] > 0. Also, asin 2D, we use a complex conjugate for the first factor, to ssimplify
the final results.

[e%) l [e%s) P
PO 000 00) = 20 2 2 2 Punan¥in0is 6 ¥ra (65, 67) (239)

=0 n=—1p=0qg=—

Spherical Har monic Reflection Equation:  We can now write down the reflection equa-
tion, as given by equation 2.11, in terms of the expansions just defined. Asin 2D, we
multiply the expansions for the lighting and BRDF. To avoid confusion between the in-
dicesin thisintermediate step, we will use L;,,, and py,, , t0 obtain

9] l l

(e’ 4 %) P
B(avﬁv’%ega(é;) = Z Z Z Z Z Z Z leﬁl’mquf’nm’(O‘aﬁ)V)YP(I(va(bZ))Tlm’l’n

=0 m=—Im/=—11'=0n=-1' p=0qg=—p
27 ™
Tlm/l’n = / / 1/lm/ (6;; ¢;)1/ljkn(9;7 (b;) sin 9; da;d(b;
1=0J0,=0
= 5O (2.39)

The last line follows from orthonormality of the spherical harmonics. Therefore, we may
set I’ = [ and n = m' since terms not satisfying these conditions vanish. We then obtain

Blafonud) =3 3 3 % Limpinpg (Dhn (4 3,7)Ypa (0, 8))) - (2.40)

=0 m=—In=—lp=0g=—p
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This result suggests that we should expand the reflected light field B in terms of the new
basis functions given by Ci,np, = DL (v, 8,7)Y,(0), ¢,). The appearance of the matrix
D' in these basis functions is quite intuitive, coming directly from the rotation formula for
spherical harmonics. These basis functions are mixed in the sense that they are a product
of the matrices D' and the spherical harmonics Y,,,. This can be understood from realiz-
ing that the reflected direction is a unit vector described by two parameters (¢, ¢.), while
the surface parameterization is really a rotation, described by three parameters («, 3, 7).
Finally, we need to consider the normalization of these new basis functions. The spheri-
cal harmonics are already orthonormal. The orthogonality relation for the matrices I is
given in standard texts on group theory (for instance, equation 7.73 of Inui et al. [32]).
Specifically,
T T T 2
[yio /;:0 /a:O (Dirm(a, 3, 7))>k (Di;m/(a, g, 'y)) sinadadfdy = 2?1 15”l6mm/(5m/.
(2.41)
In the equation above, the group-invariant measure dy(g) of the rotation group g = SO(3)

issinadadB dy. Theintegral of this quantity 1(g) = 872, which can be easily verified.
Therefore, to obtain an orthonormal basis, we must normalize appropriately. Doing this,

20+1
Clmnpq = W Dm,n

(Oé, ﬁa V)YP(I (va (b;)
9] l

l 00 p
E E E E Z BimnpgCrmnpq (@, 8,7, 65, ¢,)

=0 m=—Iln=—1p=0qg=—p

2m ™ 2T 2T ™
B = [ [ [ [ | Ul@B8,¢)sinasing, dads dy it d,
1=0J6/,=0Jy=0Jp3=0Ja=0
U(a’/87,}/79:)7¢;) B(a’/87,}/79:)7¢;)C;mnpq(a7ﬂ7770;7¢;)' (2'42)

B

Although this appears rather involved, it is a straightforward expansion of the reflected
light field in terms of orthonormal basis functions. As written, since we are assuming
anisotropic surfaces for full generality, the reflected light field is a function of five vari-
ables, as opposed to being a function of only two variablesin 2D. We should note that it
is generally impractical to have the full range of values for the anisotropic parameter, i.e.
the tangent frame rotation, ~ for every surface orientation. In fact, - is often a function of
the surface orientation («, 3). However, our goal here is to write the completely general
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formulae. In the next subsection, we will derive an alternative form for isotropic surfaces
which corresponds more closely to observable quantities.

Finally, we can write down the frequency space reflection equation by comparing equa-
tions 2.40 and 2.42 and equating coefficients. This result is comparable to its 2D coun-
terpart, given in equation 2.24, and as in 2D, is a convolution. In frequency-space, the
reflected light field is obtained simply by multiplying together coefficients of the lighting
and BRDF, i.e. by convolving the incident illumination with the BRDF,

872

leﬁln,pq' (243)

Blmnpq - 20+ 1

Asin 2D, an aternative result without expanding the output dependence may be more

/ / | 87T2 ~ / /
Blmn(eoa ¢o) = %—Hlepln(eoa ¢o)' (244)

Wereiterate that the fixed local outgoing anglein the above equation does not correspond to

instructive,

asingle image, but to amore general dlice of the reflected light field. In asingleimage, the
local viewing angle is different for different pointsin the image, depending on the relative
orientation between the surface normal and viewing direction. On the other hand, a single
image corresponds to a single global viewing direction, and hence a single global outgoing
angle.

In summary, we have shown that the direct illumination integral, or reflection equation,
can be viewed in signal processing terms as a convolution of the incident illumination and
BRDF, and have derived analytic formulae. These analytic results quantify the qualitative
observations made by many researchers in the past. In 2D, the formulae are in terms of the
standard Fourier basis. In 3D, we must instead use spherical harmonics and the represen-
tation matrices of the rotation group, deriving a generalized convolution formula. Still, the
extension from 2D to 3D is conceptually straightforward, and although the mathematicsis
significantly more involved, the key idea that the reflected light field can be viewed in a
precise quantitative way as a convolution still holds.
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2.3.3 Group-theoretic Unified Analysis

While not required for understanding the rest of this chapter, it isinsightful to attempt to
analyze the 2D and 3D derivations as special cases of a more general convolution formula
in terms of the representation theory of compact groups. Our analysis in this subsection
will be based on that in Fulton and Harris[19] and Chirikjian and Kyatkin [10].

Convolution can be defined on general compact groups using equation 2.16. To analyze
this in the frequency domain, we need a generalization of the Fourier transform. It is
possible to define

fi= [ fg)D'(g) dg. (245)

In this equation, f; isthe generalization of the Fourier transform, corresponding to index
I, f(g) isthe function defined on the group G of which g is a member, and D'(g) is the
(irreducible) representation matrix labeled with index [, evaluated at the group element g.
Here, the group-invariant measure for integration iswritten dg or du(g).

To obtain some intuition, consider the flatland case where the group corresponds to
rotations in 2D, i.e. G = SO(2). The elements g are then simply the angles ¢, and the
representation matrices are all 1-dimensional and correspond to the standard Fourier series,
i.e. D! = el'®. Thus, equation 2.45 corresponds directly to the standard Fourier seriesin
2D. Now, consider the case where the group isthat of 3D rotations, i.e. G = SO(3). Inthis
case, D' correspondsto the 2/ + 1-dimensional representation, andisa (21 + 1) x (21 + 1)
representation matrix. The generalized Fourier transform is therefore matrix-valued. For a
general compact group, we can generalize the notion of the Fourier transform to a matrix-
valued function labeled by indices corresponding to the group representation. Thisreduces
to the standard Fourier series for the 2D or flatland case, since the group representations
are all one-dimensional and correspond directly to complex exponentials.

Once we have the generalization of the Fourier transform, one can derive [19] a convo-
[ution formula corresponding to equation 2.16,

(f@g)i=fixa. (2.46)



36 CHAPTER 2. REFLECTION AS CONVOLUTION

It should be noted that the multiplication on the right-hand side is now a matrix multi-
plication, since all coefficients are matrix-valued. In the 2D flatland case, these are just
standard Fourier coefficients, so we have a smple scalar multiplication, reducing to the
standard Fourier convolution formula. For 3D rotations, the convolution formula should
involve matrix multiplication of the generalized Fourier coefficients (obtained by integrat-
ing against the representation matrices of SO(3)).

However, it isimportant to note that the 3D case discussed in the previous subsection
does not correspond exactly either to equation 2.16 or 2.46. Specifically, al operations are
not carried out in the rotation group SO(3). Instead, we have rotations operating on unit
vectors. Thus, it is not possible to apply equation 2.46 directly, and a separate convol ution
formula must be derived, as we have done in the previous subsection.

Note that we use the associated basis functions, i.e. spherical harmonics, and not the
group representations directly, as basis functions for the lighting and BRDF, since these
guantities are functions of directions or unit vectors, and not rotations. For the reflected
light field, which is a function of the rotation applied as well as the outgoing direction (a
unit vector), we use mixed basis functions that are a product of group representations of
SO(3) and the spherical harmonics. The convolution formula we derive in equation 2.43
isactually simpler than equation 2.46, since it does not require matrix multiplication.

In the remainder of this section, we will derive a number of alternative formsfor equa-
tion 2.43 that may be more suitable for particular cases. Then, in the next section, we will
discuss the implications of equations 2.43 and 2.44 for forward and inverse problemsin
computer graphics.

2.3.4 Alternative Forms

For the analysis of certain problems, it will be more convenient to rewrite equation 2.43
in a number of different ways. We have aready seen one example, of considering the
outgoing angle fixed, as shown in equation 2.44. In this subsection, we consider a few
more alternative forms,
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| sotropic BRDFs

Isotropic BRDFs are those where rotating the local tangent frame makes no difference,
i.e. they are functions of only 3 variables, p(¢., ¢;,6..¢.) = p(6.,0.,| ¢, — ¢, |). With
respect to the reflected light field, the parameter -, which controls the orientation of the
local tangent frame, has no physical significance for isotropic BRDFs.

To consider the ssimplifications that result from isotropy, we first analyze the BRDF co-
efficients py,, ,,,. 1N the BRDF expansion of equation 2.38, only terms that satisfy isotropy,
i.e. are invariant with respect to adding an angle A¢ to both incident and outgoing az-
imuthal angles, are nonzero. From the form of the spherical harmonics, this requires that
n = q. Furthermore, since we are considering BRDFs that depend only on | ¢, — ¢/ |,
we should be able to negate both incident and outgoing azimuthal angles without changing
the result. Thisleads to the condition that i, ,, = pi(—q)p(—q)- FiNaly, we define a 3-index
BRDF coefficient by

Pivg = Plapg = Pi—)p(—q)- (2.47)
Note that isotropy reduces the dimensionality of the BRDF from 4D to 3D. Thisisreflected
in the fact that we now have only three independent indices. Furthermore, half the degrees

of freedom are constrained since we can negate the azimuthal angle without changing the
BRDF.

Next, we remove the dependence of the reflected light field on ~ by arbitrarily setting
~ = 0. It can be verified that for isotropic surfaces, ¥ mathematically just controlsthe origin
or 0-angle for ¢/ and can therefore be set arbitrarily. Upon doing this, we can simplify a
number of quantities. First, the rotation operator is now given smply by

R.3=Rapo0 = R.(B)Ry(a). (2.48)
Next, the representation matrices can be rewritten as
Dy, B) = Dy (0, ,0) = dyy ()™, (2.49)

It should be noted that removing the dependence on + weakens the orthogonality con-
dition (equation 2.41) on the representation matrices, since we no longer integrate over ~.
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The new orthonormality relation for these matricesis given by

/ / (Dﬁ;fn(oz,ﬂ)) sinadadf = Am

%—Ha”’amm, (2.50)

In particular, the orthogonality relation for the index n no longer holds, which is why we
have used theindex n for both D and D’ instead of usingn and »/, asin equation 2.41. The
absence of an integral over - leads to a slight weakening of the orthogonality relation, as
well asasomewhat different normalization than in equation 2.41. For the future discussion,
it will be convenient to define normalization constants by

47

A = .
! 20+ 1

(2.51)

We now have the tools necessary to rewrite equation 2.43 for isotropic BRDFs. Since
we will be using the equations for isotropic BRDFs extensively in the rest of this disser-
tation, it will be worthwhile to briefly review the representations of the various quantities,
specialized to the isotropic case.

First, we define the expansions of the lighting in global coordinates, and the results
from rotating this expansion,

o0

l
L(b;, ;) = E Z Ly Y1 (0;, ¢:)

[=0 m=—1
L(6:,¢:) = L (Rap(6},0}) = > Z Z Lim D (0, 3) Vi (61, 61). (2.52)
=0 m=—Ilm/'=-—1

Then, we write the expansion of the isotropic BRDF,
min(l,p)
pOLOLL G, )= Y Yol )@ dl).  (259)

=0 p=0 g=— min(l,p)

The reflected light field, which is now a 4D function, can be expanded using a product of
representation matrices and spherical harmonics,

Olme(aa 67 91)7 ¢;) = Al_lDinq(aa ﬂ)Y;DQ(ei)? ¢;)
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00 ! 00 min(l,p)

B(a,5.06:60) = > 2. > 2. BunpaCumpaler, 5,6, &)

=0 m=—1p=0 g=— min(l,p)

27 T 2m T
Bimpy = /¢ oo o [ U@ 8.8 00) sinasin ) docd a6
Ula, 8,0, 9,) = Bla,B,0,,¢,)Ch.(a, 5,0, ¢,). (2.54)

It should be noted that the basis functions C;,,,,,, are orthonormal in spite of the weakened
orthogonality of the functions D!, , as expressed in equation 2.50. Note that the index ¢
in the definition of Cj,,,, is the same (coupled) for both factors Dﬁnq and Y,,. Thisisa
consequence of isotropy, and is not true in the anisotropic case. Therefore, athough the
representation matrices D' no longer satisfy orthogonality over the index ¢ (corresponding
to theindex n in equation 2.50), orthogonality over the index ¢ follows from the orthonor-

mality of the spherical harmonicsY,.

Finally, we can derive an analytic expression (convolution formula) for the reflection
equation in terms of these coefficients,

Blmpq - Alle,élpq' (255)

Apart from a dlightly different normalization, and the removal of ~ and the correspond-
ing index n, thisis essentially the same as equation 2.43. We will be using this equation
for isotropic BRDFs extensively in the next chapter, where we quantitatively analyze the
reflection equation for many special cases of interest.

We may also try to derive an alternative form, analogous to equation 2.44, by holding
the outgoing elevation angle ¢/, fixed. Since theisotropic BRDF dependsonly on| ¢, —¢;, |,
and not directly on ¢/, we do not hold ¢/, fixed, as we did in equation 2.44. We first define
the modified expansions,

~rn! / / / - l ~ / 1 * / / /
MO 6= = 5 3 e (=i exvtiad)

00 l l

B(o,3,0,,6,) = > > > Bimg0)) (\/%Afll%q(a,ﬁ)exp(fq%))- (2.56)

=0 m=—1lqg=-1
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Then, we may write down theisotropic convol ution formulacorresponding to equation 2.44,

Blmq(e;) - Alleﬁlq(eg)' (2-57)

Reciprocity Preserving

One of the important properties of physical BRDFs is that they are reciprocal, i.e. sym-
metric with respect to interchange of incident and outgoing angles. However, the transfer
function p = p cos 8, as defined by us, does not preserve this reciprocity of the BRDF. To
make the transfer function reciprocal, we should multiply it by cos @ also. To preserve
correctness, we must then multiply the reflected light field by cos @ as well. Specifically,
we define

— A /o / /
= pcost, = pcosb;cosb,

Bcost.,. (2.58)

o~
I

With these definitions, al of the derivations presented so far still hold. In particular, the
convolution formulasin equation 2.43 and 2.55 hold with thereplacements B — B, p — p.
For example, equation 2.55 for isotropic BRDFs becomes

Blmpq - Alleﬁlpq' (259)

The symmetry of the transfer function ensures that its coefficients are unchanged if thein-
dices corresponding to incident and outgoing angles are interchanged, i.€. pj,; = ppig- IN
the more general anisotropic case, pi, p; = Ppein- We will use the frequency-space reflec-
tion formula, as given by equation 2.59, whenever explicitly maintaining the reciprocity of
the BRDF isimportant.

Reparameterization by central BRDF direction

Consider first the specia case of radially symmetric or 1D BRDFs, where the BRDF con-
sists of asingle symmetric lobe of fixed shape, whose orientation depends only on a well-
defined central direction C'. In other words, the BRDF is given by a 1D function  as
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p=u(C - L). Examplesare Lambertian ) = N - L and Phong p = (R - L)* models. If we
reparameterize the BRDF and reflected light field by C', the BRDF becomes a function of
only 1 variable (¢, with cos ¢, = C - L) instead of 3. Refer to figure 2.4 for an illustration,
Further, the reflected light field can be represented simply by a 2D reflection map B(«, )
parameterized by C' = (e, B). In other words, after reparameterization, thereis no explicit
exitant (outgoing) angular dependence for either the BRDF or reflected light field.

&
N\

Phong NeH Phong NeH

Figure 2.4: Reparameterization involves recentering about the reflection vector. BRDFs become
more compact, and in special cases (Phong) become 1D functions.

We may now write the BRDF and equations for the reflected light field as

po;) = > pYu(0)
1=0
/2
ho= on / H(0)Yio(6)) sin 6. dé,

Il o
E Z / / 10(0%, 03)Yi0(0;) sinb; d;dg;

2
=0 m=— —

00 l

YD p (e, ). (2.60)

1=0 m=—1

In computing p;, we have integrated out the azimuthal dependence, accounting for the

factor of 27. In the last line, we have used orthonormality of the spherical harmonics.

Now, we use the second property of the matrices D from equation 2.35, i.e. D! ,(c, 3) =
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AN Y, («, B). Therefore, the reflected light field can be expanded simply in terms of spher-
ical harmonics,

00 l
B(e,3) =3 > BunYim(a,B). (2.61)

=0 m=—1

The required convolution formula now becomes
Blm = Alﬁlle- (262)

In the context of Lambertian BRDFs (for which no reparameterization is required), it
has been noted by Basri and Jacobs [2] that equation 2.62 is mathematically an instance of
the Funk-Hecke theorem (as stated, for instance in Groemer [24], page 98). However, that
theorem does not generalize to the other relations previously encountered. With respect
to equation 2.55, we have essentially just dropped the indices p and ¢ corresponding to
the outgoing angular dependence. It isimportant to remember that the reflected light field
is now expanded in terms of spherical harmonics. B is smply a filtered version of L,
with each frequency [ being attenuated by a different amount, corresponding to the BRDF
transfer function .

For general BRDFs, the radial symmetry property does not hold precisely, so they can-
not be reduced exactly to 1D functions, nor can B be written simply asa 2D reflection map.
Neverthel ess, areparameterization of the specular BRDF components by the reflection vec-
tor (or other central BRDF direction) still yields compact forms.  To reparameterize, we
simply recenter the BRDF (and the reflection integral) about the reflection vector R, rather
than the surface normal, as shown in figure 2.4. The reflection vector now takes the place
of the surface normal, i.e. B = («, 3), and the dependence on the surface normal becomes
indirect (just as the dependence on £ is indirect in the standard parameterization). The
angles ¢! and ¢/, are now given with respect to R by cos 0, = R- Land cos ¢, = R -V, with
Bl(a, 3,0, ¢.) afunction of B = («, ) and w, = (¢, ¢,). Once we have done this, we

o)

can directly apply the general convolution formulas, such as equation 2.55.

This section has presented a frequency-space analysis of the reflection equation. We
have shown the simple quantitative form that results from this analysis, as embodied by
equations 2.43 and 2.55. The mathematical analysis leading to these results is the main
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contribution of this chapter, showing quantitatively that reflection can be viewed as a con-
volution. The next section givesan overview of theimplicationsof these resultsfor forward
and inverse problemsin rendering. The next chapter will work out anumber of special cases
of interest.

2.4 Implications

This section discusses the implications of the theoretical analysis developed in the previous
section. Our main focus will be on understanding the well-posedness and conditioning of
inverse problems, as well as the speedups obtained in forward problems. In this section,
we make some general observations. In the second part of the paper, we will quantitatively
analyze a number of special cases of interest.

We will deal here exclusively with the 3D case, since that is of greater practical impor-
tance. A preliminary analysis for the 2D case can be found in an earlier paper [70]. The
guantitativeresultsin 2D and 3D are closely related, although the fact that the 3D treatment
isin terms of spherical harmonics, as opposed to the 2D treatment in terms of Fourier se-
ries, results in some important differences. For ssimplicity, we will also restrict the ensuing
discussion to the case of isotropic BRDFs. The extension to anisotropic surfaces can be
done using the equations derived earlier for the general anisotropic case.

24.1 Forward Rendering with Environment M aps

We first consider the problem of rendering with environment maps, i.e. general lighting
distributions. For the purposes of rendering, it is convenient to explicitly write the formula
for thereflected light field as

00 l 00 min(l,p)
B(a,B.0,8) =3 S 3 Y Limpig (Dhyla. OYie(0),6,)) . (2.63)
1=0 m=—1p=0 g=—min(l,p)
If either the lighting or the BRDF is low frequency, the total number of terms in the
summation will be relatively small, and it may be possible to use equation 2.63 directly
for shading a pixel. In chapter 4, we will demonstrate the practicality of this approach for
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Lambertian BRDFs, wherewe canset p = ¢ = 0, and use [ < 2, i.e. only 9 spherical
harmonic terms.

In the general case, frequency space analysis alows for setting sampling rates accu-
rately, and enables compact frequency domain representations. Further, just as image con-
volutions are often computed in the Fourier rather than the spatial domain, computing the
reflected light field is more efficient in frequency space, using equation 2.63, rather than in
angular space. Chapter 5 describes the practical implementation of these ideas.

2.4.2 Well-posedness and conditioning of Inverse Lighting and BRDF

In this subsection, we briefly discuss how to apply ideas from the theoretical analysis to
determine which inverse problems are well-posed, i.e. solvable, versus ill-posed, i.e. un-
solvable, and also determine the numerical conditioning properties. At the end of this
subsection, we will also relate these results to the general theory of linear integral equa-
tions. Animportant duality should be noted here. Forward problems for which an efficient
frequency domain solution is possible, such as those involving diffuse surfaces and/or soft
lighting, have corresponding inverse problems that are ill-conditioned. Turned around, ill-
conditioned inverse problems allow us to get a very good solution to the forward problem
by using very coarse |low-frequency approximations of the initial conditions. For instance,
Lambertian surfaces act as low-pass filters, the precise form of which we will explore in
the next chapter, blurring the illumination. Therefore, high-frequency components of the
lighting are not essential to rendering images of diffuse objects, and we can make very
coarse low-frequency approximations to the lighting without significantly affecting the fi-
nal image. This leads to more efficient algorithms for computer graphics, and illustrates
one of the benefits in considering a signal-processing view of reflection.

Inverse-BRDF

We first address the question of BRDF estimation. Our goal isto consider this problem un-
der general illumination conditions, and understand when the BRDF can be recovered, i.e.
BRDF estimation iswell posed, and when the BRDF cannot be recovered, i.e. estimationis
ill-posed. We would aso like to know when BRDF recovery will be well-conditioned, i.e.
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numerically robust. An understanding of theseissuesis critical in designing BRDF estima-
tion algorithms that work under arbitrary lighting. Otherwise, we may devise agorithms
that attempt to estimate BRDF components that cannot be calculated, or whose estimation
isill-conditioned.

For isotropic surfaces, a simple manipulation of equation 2.55 yields

A — BWL
Pivg = N [il = (2.64)

In general, BRDF estimation will be well-posed, i.e. unambiguous as long as the denom-
inator on the right-hand side does not vanish. Of course, to be physically accurate, the
numerator will also become 0 if the denominator vanishes, so the right-hand side will be-
come indeterminate. From equation 2.64, we see that BRDF estimation is well posed as
long as for al [, there exists at least one value of m so that L;,,, # 0. In other words, all
orders in the spherical harmonic expansion of the lighting should have at least one coeffi-
cient with nonzero amplitude. If any order [ completely vanishes, the corresponding BRDF
coefficients cannot be estimated.

In signal processing terms, if the input signal (lighting) has no amplitude along certain
modes of the filter (BRDF), those modes cannot be estimated. BRDF recovery is well
conditioned when the spherical harmonic expansion of the lighting does not decay rapidly
with increasing frequency, i.e. when the lighting contains high frequencies like directional
sourcesor sharp edges, and isill-conditioned for soft lighting. Equation 2.64 givesaprecise
mathematical characterization of the conditionsfor BRDF estimation to be well-posed and
well-conditioned. These results are similar to those obtained by D’ Zmura[17] who states
that there is an ambiguity regarding the BRDF in case of inadequate illumination. In our
framework, inadeguate illumination corresponds to certain frequencies [ of the lighting
completely vanishing.

Inverse Lighting

A similar analysis can be donefor estimation of the lighting. Manipulation of equation 2.55
yields

B
Ly = A1 =22 (2.65)
Plpq
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Inverse lighting will be well-posed so long as the denominator does not vanish for al p, ¢
for some/, i.e. so long as the spherical harmonic expansion of the BRDF transfer function
contains all orders. In signal processing terms, when the BRDF filter truncates certain fre-
guencies in the input lighting signal (for instance, if it were a low-pass filter), we cannot
determine those frequencies from the output signal. Inverse lighting is well-conditioned
when the BRDF has high-frequency content, i.e. its frequency spectrum decays slowly. In
physical terms, inverse lighting is well-conditioned when the BRDF contains sharp spec-
ularities, the ideal case of which is a mirror surface. On the other hand, inverse lighting
from matte or diffuse surfaces is ill-conditioned. Intuitively, highly specular surfaces act
as high-passfilters, so the resulting images have most of the high frequency content in the
lighting, and the lighting can be estimated. On the other hand, diffuse surfaces act as low-
pass filters, blurring the illumination and making it difficult or impossible to recover the
high frequencies.

Analysisin terms of theory of Fredholm Integral equations

We now briefly put our results on the well-posedness of inverse lighting and BRDF prob-
lems into a broader context with respect to the theory of Fredholm integral equations. In-
verting the reflection equation to solve for the lighting or BRDF is essentially a Fredholm
integral equation of the first kind. By contrast, the (forward) global illumination prob-
lem typically considered in rendering is a Fredhom integral equation of the second kind.
Fredholm integral equations of the first kind may be written generally as

bs) = /t K(s, 6)f(t) dt, (2.66)

where b(s) is the known quantity (observation), K (s,t) is the kernel or operator in the
equation, and f(¢) is the function we seek to find. To make matters concrete, one may
think of f as theincident illumination L, with the kernel K as corresponding to the (ro-
tated) BRDF operator, and b(s) as corresponding to the reflected light field. Here, ¢ would
represent the incident direction, and s would represent the surface orientation and outgoing
direction.
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The theory of linear integral equations, as for instance in Cochran [11], analyzes equa-
tion 2.66 based on the structure of the kernel. In particular, assume we may find a basis
function expansion of the form

W) = Dbl
K(s,t) = iKiui(s)vf(t)
f) = 3 fwilo) (2.67)

where each of the sets of functions »; and v; (with v} being the complex conjugate) is
linearly independent. Here, n isthe number of termsin, or rank of the kernel, K. If nis
finite, the kernel is referred to as degenerate. It should be noted that if the function sets
u and v were orthonormal, then we would have a result of the form b; = K f;. In effect,
we have constructed an expansion of the form of equation 2.67 using orthonormal basis
functions involving group representations and spherical harmonics, thereby deriving the
convolution result.

As long as the kernel has finite rank n, it annihilates some termsin f, (for i > n),
and the integral equation is therefore ill-posed (has an infinity of solutions). If the kernel
has numerically finite rank, the integral equation is ill-conditioned. Our analysis can be
seen as trying to understand the rank of the kernel and its degeneracies in terms of signa
processing, thereby determining up to what order the function f can be recovered. In the
future, it may be possible to directly apply the theory of integral equations to analyze the
well-posedness and conditioning of inverse problems for which simple analytic formulae
such as our convolution relation are not readily available.

2.4.3 Light Field Factorization

Having analyzed estimation of the BRDF and lighting alone, we now consider the problem
of factorizing the light field, i.e simultaneously recovering the lighting and BRDF when
both are unknown. An analysis of this problem is very important theoretically in under-
standing the properties of thelight field. Thereisalso potential for practical applicationsin
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many different areas. Within BRDF estimation, being able to factor the light field allows
us to estimate BRDFs under uncontrolled unknown illumination, with the lighting being
recovered as part of the algorithm. Similarly, it would be useful to be able to recover the
lighting from an object of unknown BRDF. Factorization reveals the structure of the light
field, allowing for more intuitive editing operations to be carried out in order to synthesize
novel images for computer graphics. Factorization also reduces the dimensionality, and is
therefore useful in compressing light fields that are usually very large.

We first note that there is a global scale factor that we cannot recover. Multiplying the
lighting everywhere by some constant amount and dividing the BRDF uniformly by the
same amount |leaves the reflected light field, which is a product of the two, unchanged. Of
course, physical considerations bound the scale factor, since the BRDF must remain energy
preserving. Nevertheless, within this general constraint, it is not possible to estimate the
absolute magnitudes of the lighting and BRDF. However, we will demonstrate that apart
from this ambiguity, the light field can indeed be factored, allowing us to simultaneously
determine both the lighting and the BRDF.

An important observation concerns the dimensionality of the various components. The
isotropic BRDF is defined on a 3D domain, while the lighting is a function of 2D. On the
other hand, the reflected light field is defined on a4D domain. Thisindicatesthat thereisa
great deal of redundancy in thereflected light field. The number of knowns, i.e. coefficients
of the reflected light field, is greater than the number of unknowns, i.e. coefficients of the
lighting and BRDF. This indicates that factorization should be tractable. Indeed, for fixed
order [, we can use known lighting coefficients L;,,, to find unknown BRDF coefficients
Pipq @nd vice-versa. In fact, we need only one known nonzero lighting or BRDF coefficient
for order [ to bootstrap this process, since inverse lighting can use any value of (p, ¢) and
inverse-BRDF computation can use any value of m.

It would appear from equation 2.55 however, that thereis an unrecoverable scale factor
for each order [, corresponding to the known coefficient we require. In other words, we
may multiply the lighting for each order [ by some amount (which may be different for
different frequencies [) while dividing the BRDF by the same amount. However, there is
an important additional physical constraint. The BRDF must be reciprocal, i.e. symmetric
with respect to incident and outgoing angles. The corresponding condition in the frequency
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domain isthat the BRDF coefficients must be symmetric with respect to interchange of the
indices corresponding to the incident and outgoing directions. To take advantage of this
symmetry, we will use the reciprocal form of the frequency-space equations, as defined in
equation 2.59.

We now derive an analytic formula for the lighting and BRDF in terms of coefficients
of the reflected light field. Since we cannot recover the global scale, we will arbitrarily
scale the DC term of the lighting so Loy = A;' = /1/ (4w). Note that this scaling is
valid unless the DC term is 0, corresponding to no light—an uninteresting case. Using
equations 2.59, 2.64, and 2.65, we obtain

Loy = Ayt : Global Scale
ﬁOpO = BOOpO . Equation 2.64 (l =(q = O)
Bim
L = A7'2E2 Equation 2.65
Plpq
Bim
= 1m00 :Setp=q=0
Ploo
Bim
= "m0 : Reciprocity, powo = pioo
Polo
Bim
= A 'm0 . Plug in from 2" line
?omo
~ —1 Blmpq .
Pipg = N\ T : Equation 2.64
Bimpe B
= % : Substitute from above for L;,,. (2.68)
Im00

Notethat in the last line, any value of m may be used. If none of the terms above vanishes,
this gives an explicit formula for the lighting and BRDF in terms of coefficients of the
output light field. Assuming reciprocity of the BRDF is critical. Without it, we would not
be able to relate pg;0 and py0 abbove, and we would need a separate scale factor for each
frequency .

Therefore, up to global scale, the reflected light field can be factored into the light-
ing and the BRDF, provided the appropriate coefficients of the reflected light field do
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not vanish, i.e. the denominators above are nonzero. If the denominators do vanish, the
inverse-lighting or inverse-BRDF problems become ill-posed and consequently, the fac-
torization becomes ill-posed. Note that the above relations are one possible factorization
formula. We may still be able to factor the light field even if some of the p;qo terms vanish
in equation 2.68, by using different values of py,, with p # 0.

Of course, the results will be more and more ill-conditioned, the closer the reflected
light field coefficients in the denominators come to 0, and so, in practice, there is a max-
imum frequency up to which the recovery process will be possible. This maximum fre-
guency will depend on the frequency spectrum of the reflected light field, and hence on the
frequency spectraof the lighting and BRDF. When either inverse-lighting or inverse-BRDF
computations become ill-conditioned, so will the factorization. Therefore, the factorization
will work best for specular BRDFs and high-frequency lighting. In other cases, there will
remain some ambiguities, or ill-conditioning.

2.5 Conclusionsand Future Work

In this chapter, we have presented a theoretical analysis of the structure of the reflected
light field from a convex homogeneous object under a distant illumination field. We have
shown that the reflected light field can be formally described as a convol ution of theincident
illumination and the BRDF, and derived an analytic frequency space convolution formula.
This means that reflection can be viewed in signal processing terms as afiltering operation
between the lighting and the BRDF to produce the output light field. Furthermore, inverse
rendering to estimate the lighting or BRDF from the reflected light field can be understood
as deconvolution. This result provides a novel viewpoint for many forward and inverse
rendering problems, and allows us to understand the duality between forward and inverse
problems, wherein an ill-conditioned inverse problem may lead to an efficient solution to
aforward problem. We have aso discussed the implications for inverse problems such as
lighting recovery, BRDF recovery, light field factorization, and forward rendering problems
such as environment map prefiltering and rendering. The next chapter will make theseideas
concrete for many specia cases, deriving analytic formulae for the frequency spectra of
many common BRDF and lighting models. Following that, the rest of this dissertation will
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develop practical implications of the theoretical analysis from this chapter, showing how
frequency domain methods may be used for forward and inverse rendering.

It should be noted that the analysis in this chapter is based on the specific assumptions
noted here, and is only one way in which the reflection operator can be analyzed. Other
researchers have derived analytic formulae for many useful special cases that go beyond
our assumptions. For instance, Soler and Sillion [80] derive a convolution relation for
calcul ating soft shadows assuming planar objects. Arvo [1] and Chen and Arvo [9] develop
methodsfor computing irradiance from planar luminairesincluding near-field effectswhich
we do not treat here. In the future, it would be interesting to consider perturbative methods
that could unify our results with some of these previous analytical derivations.

Moregenerally, we have studied the computational propertiesof the reflection operator—
given a complex illumination field and arbitrary BRDF—in the frequency domain. How-
ever, there are many other ways these computational fundamentals of reflection can be
studied. For instance, it might be worthwhile to consider the differential properties of re-
flection, and to study perceptual metrics rather than physical ones. Another important area
isthe formal study of the conditioning of forward and inverse problems, possibly directly
from an eigenanalysis of the kernel of the Fredholm integral equation. We believe thisfor-
mal analysis will be increasingly important in deriving robust and efficient algorithms in
the future. While we have made afirst step in this direction, other issues such as how our
results change when we have only alimited fraction of the reflected light field available, or
can move our viewpoint only in anarrow range, need to be studied. In summary, we believe
there are anumber of domainsin graphics and vision that benefit greatly from a fundamen-
tal understanding of the reflection operator. We believe the work described in this chapter
isafirst step in putting an analysis of reflection on a strong mathematical foundation.



